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CYLINDERS  WITH  CUTOUTS 
By  Harvey  G.  McComb,  Jr. 

1955 

Page  6,  column  1,  line  2:  The  beginning  of  the  sentence  starting  on 
line  2  should  be  reworded  to  avoid  the  misinterpretation  introduced 
by  the  word  "same."  The  revised  sentence  should  read  as  follows: 

Because  of  symmetry,  similar  equations  result  when  equation  (l)  is 
written  for  stringer  j  =  1  at  ring  i  =  0  or  for  stringer 
j  =  0  at  rings  i  »  0  or  i  =  1. 

Page  23,  column  1,  line  3:  Add  the  symbol  j  before  the  equal  sign 
in  the  lower  limit  of  tie  summation  appearing  in  this  equation. 
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By  Hahvkv  G.  McComb,  Jr. 


SUMMARY 

A  method  is  presented  for  analyzing  the  stresses  about  cutouts 
in  circular  semimonocoque  cylinders  with  flexible  rings.  The 
method  invoices  the  use  of  so-called  perturbation  stress  distri¬ 
butions  which  are  superposed  on,  the  stress  distribution  that 
would  exist  in  the  structure  with  no  cutout  in  such  a  way  as  to 
give  the  effects  of  a  cutout.  The  method  can  be  used  for  any 
loading  case  for  which  the  structure  without  the  cutout  can  be 
analyzed  and  is  sufficiently  versatile  to  account  for  stringer 
and  shear  reinforcement  about  the  cutout. 

INTRODUCTION 

An  airplane  fuselage  usually  lfas  openings  or  cutouts  for 
entrance  doors,  cargo  doors,  windows,  and  many  other  pur¬ 
poses.  The  presence  of  such  openings  may  result-in  a  con¬ 
siderable  redistribution  of  stress  in  the  structure.  Some 
knowledge  of  this  stress  redistribution  is  desirable  in  the 
structural  design  of  fuselages  near  cutouts. 

A  large  portion  of  the  structure  of  many  fuselages  can  be 
represented,  approximately,  by  a  circular  semimonocoque 
cylinder,  that  is,  a  thin-walled  circular  cylinder  stiffened  by 
stringers  (axial  stiffening  members)  and  rings  (circumferential 
stiffening  members).  Some  previous  investigations. relating 
to  the  problem  of  stress  analysis  of  cylindrical  semimonocoque 
shells  with  cutouts  were  reported  in  references  1  to  4,  One 
limitation  common  to  all  of  these  analyses  is  that  the  flexi¬ 
bility  of'  the  rings  or  circumferential-stiffening  members  is 
neglected.  In  reference  5,  Gicala  discussed  this  limitation 
as  well  ns  certain  other  limitations  in  some  of  the  previous 
investigations  and  introduced  the  idea  that  the  effect  of  a 
cutout  can  bo  reproduccd  by  superposing  certain  perturba¬ 
tion  stress  states  on  the  stresses  which  would  occur  in  the 
shell  without  a  cutout. 

The  problem  discussed  by  Cicala  in  reference  5  is  that  of  a 
cutout  in  a  circular  semimonocoque  cylinder  which  is  long  in 
comparison  to  the  length  of  the  cutout.  The  analysis  of 
reference  -5  is  somewhat  limited  because  it  can  be  used  only 
for  loading  conditions  which  produce  stringer  stresses  longitu¬ 
dinally  antisymmetric  about  the  center  lino  of  the  cutout 
(for  example,  torsion),  and  it  cannot  take  into  consideration 
the  effects  of  coaming  stringer  reinforcement.  The  present 
report  is  an  extension  of  the  approach  of  Cicala  and  presents 


a  method  of  analysis  which  can  be  used  with  more  general 
loading  conditions  and  with  either  shear  or  stringer  rein¬ 
forcement  about  the  cutout. 

In  reference  0  the  stress  perturbation  technique  is  applied 
to  the  analysis  of  stresses  about  cutouts  in  flat  sheet-stringer 
panels  under  axial  load.  Three  basic  unit  perturbation 
solutions  were  used  ns  tools  in  this  method  of  analysis.  In 
part  I  of  this  report  the  analogous  perturbation  approach  is 
described  for  the  stress  analysis  of  circular  semimonocoque 
cylinders  with  cutouts.  The  -three  perturbation-solution 
tools  for  circular  semimonocoque  cylinders  analogous  to 
those  for  the  flat  sheet-stringer  panels  of  reference  0  are 
developed  in  part  II  of  this  report. 

SYMBOLS 
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//.(«,*)=  t,  D„  COS  (r»H-n)£ 

fn-» 

TIi{n,4>)=  S  (— sin  (rm+u)A 

r-— * 

I  efTcctivo  moment  of  inertia  of  a  ring  cross  section 

it |  longitudinal  indices,  indicating  rings  and  bays 

Jh  has  tho  value  1  when  h  is  an  integer  and  has  the 

value  0  when  h  is  not  an  integer 
j,i i  circumferential  indices,  indicating  stringers  and 

panel' rows 
k]l,r,s  integers 

L  distance  between  rings 

bending  moment  in  ring  i 

M}jlt  applied  moment  and  torque,  respectively  (see 
fig.  5) 

m  total  number  of  stringers  in  cylinder,  ;n^3 

n  index  of  terms  in  a  trigonometric  series 

P  external  concentrated  forco  in  the  longitudinal 

direction  applied  to  a  stringer  at  its  intersec¬ 
tion  with  a  ring,  lb 

p„  stringer  load  in  stringer  j  at  ring  f 

j)lt  basic  stringer  load  in  stringer  j  at  ring  i 

Piifav)  load  in  stringer  j  at  ring  i  due  to  a  unit-  coneen- 

tratcdpcrturbntion  load  on  stringer  v  at  ring  J 
Pi/I&l)  load  in  stringer  j  at  ring  i  due  to  a  unit  shear 
perturbation  load  about  shear  panel  (£,ij) 

Q  external  shear  force  per  unitlcngth  applied  about 

a  shear  panel,  lb/in. 

q,i  shear  flow-  in  shear  panel  (f,j) 

q,/  basic  shear  flow  in  shear  panel  (i.j) 

?«(?>>?)  shear  How  in  shear  panel  (i,j)  duo  to  a  unit 
concentrated  perturbation  lond  on  stringer  >j 
at.  ring  { 

shear  How  in  shear  panel  (i,j)  due  to  a  unit 
shear  pcrturbntion  load  about  shear  panel 
(?,’)) 

II  radius  to  middle  surface  of  sheet 

5  external  force  in  the  longitudinal  direction 

uniformly  distributed  along  that  portion  of  a 
stringer  which  lies  between  adjacent  rings,  lb 


T(.,$)  thrust  in  ring  t 

t  thickness  of  sheet 

t*  thickness  of  additional  portion  of  a  reinforced 


shear  panel,  that  is,  a  doubler  plate 
tl  thickness  of  all  material  carrying  bending 

stresses  in  cylinder  if  uniformly  distributed 
around  perimeter,  A/b 
U  total  stress  energy 


transverse  shear  in  ring  i 
a‘*,au’  \  nrhitrary  constants 
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second  central  difference  in  the  i  direction  or 
longitudinal  direction,  that  is 

central  angle  between  stringers,  2x/»i 

Kronccker  delta;  takes  tho  value  1  when  r=s 
and  takes  the  value  0  when  r?z.s 

quantities  defined  immediately  following  equa¬ 
tion  (24) 
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BASIC  ASSUMPTIONS 


A  structure  of  the  typo  considered  in  this  report  is  shown 
in  figure  1.  It  consists  of  a  thin-walled  circular  cylinder 
stiffened  by  stringers  in  the  longitudinal  direction  and  by 
rings  ia  the  circumferential  direction.  The  rings  and 
stringers  divide  the  thin-walled  shell  into  rectangular  panels 
which  are  called  shear  panels.  The  cutout  is  assumed  to  be 
rectangular — it  removes  an  arbitrary  number- of  shear  panels 
and  interrupts  the  corresponding  stringers. 

Some  loading  conditions  which  can  be  handled  with  this 
method  of  analysis  arc  illustrated  in  figure  1.  Other  loading 
conditions  are  permissible  if  the  stress  distribution  in  the 
cylinder  without  the  cutout  is  known. 

A  typical  portion  of  tho  structure  is  shown  in  figure  2  with 
the  index  system  used  in  this  report-  to  designate  stringcis, 
rings,  bays,  and  panel  rows.  Note  that  the  intei section  of 


FiouuB-1. — Circular  scmimonocoquc  cylinder  with  cutout. 
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Fiourb  2.— Portion  of  typical  cylinder. 


ring  i  and  stringer  j  occurs  at  the  lower  left-lmnd  corner  of 
shear  panel  (ij). 

The  analysis  is  based  on  the  following  assumptions  regard¬ 
ing  the  properties  of  the  structure: 

(a)  The  cylinder  is  long  relative  to  the  length  of -the  cutout. 

(b)  Tho  stringers  are  uniform  and  equally  spaced  around 
tho  shell,  and  the  sheet  is  of  constant  thickness. 

(c)  The  stringers  carry  only-  direct  stress,  and  the  sheet- 
lakes  only  shear  stress  which  is  constant  within  each  shear 
panel;  thus  stringer  stresses  vary  linearly  between  adjacent- 
rings. 

(d)  The  rings  are  uniform  and  have  a  finite  bending  still¬ 
ness  in  their  own  planes,  but  they  do  not  restrain  longitu¬ 
dinal  displacements  of  the  stringers.  Tho  bending  of  tbo 
rings  is  incxtcnsional. 

(e)  The  difference  between  the  radius  to  tho  middle  surface 
of  the  sheet  and  tho  radius  to  the  neutral  axis  of  a  ring  is 
negligible. 

(f)  The  structure  is  elastic  and  no  buckling  occurs. 

I— ANALYSIS  OP  STRESSES  ABOUT  CUTOUTS  BY  A 
PERTURBATION  LOAD  TECHNIQUE 
PERTURBATION  STRESS  DISTRIBUTIONS 

The  tools  for  the  method  of  analysis  to  be  described  arc 
the  stress  distributions  due  to  three  types  of  loads,  culled 
perturbation  loads,  applied  to  an  infinitely  long  circular 
cylinder  with  no  cutout.  One  perturbation  load  consists  of 
a  concentrated  force  P  imposed  on  one  stringer  of  the  shell 
at  its  intersection  with  a  ring,  the  force  acting  in  the  direction 
of  the  stringer.  'This  load  is  illustrated  in  figure  3  (a)  and 
is  called  the  concentrated  perturbation  load.  A  second  type, 
illustrafcd  in  figure  3  (b),  is  called  the  distributed-perturba¬ 
tion  load  and  consists  of  a  force  S  uniformly  distributed 
along  the  portion  of  one  stringer  which  extends  between  two 
adjacent-rings,  tho  force  acting  in  the  direction  of  the  stringer. 
The  third  type,  shown  in  figure  3  (c),  is  called  the  shear 


perturbation  load  and  consists  of  uniformly  distributed 
forces  per  unit  length  Q  applied  along  the  stringers  and  rings 
that  border  one  shear  panel  of  the  shell,  the  forces  acting  in 
such  a  way  as  to  cause  pure  shear  in  that-  panel. 

For  each  of  the  three  perturbation  loads,  formulas  are 
developed  in  part-lTof  this  report- which  give  stringer  loads 
in  every  stringer  at  each  ring  and  shear  flows  in  each  shear 
panel  of  the  shell.  By  use  of  these  formulas,  tables  of  coeffi¬ 
cients  can  be  computed  which  give  stringer  loads  and  shear 
flows  in  the  neighborhood  of  each  perturbation  load  due  to  a 
unit  magnitude  of  that  load.  Such  tables  for  a  cylinder 
having  30  stringers  and  various  values  of  the  structural 
parameters  IS  and  C  nre  presented  as  tables  1  to  30.  Theso 
tables  were  calculated  on  an  IBM  Card-Programmed  Elec¬ 
tronic  Calculator.  The  application  of  these  tables  is  not 
limited  to  cylinders  with  30  stringers.  In  general,  the  total 
stringer  area  can  simply  be  redistributed  into  3G  fictitious 
stringers.  The  values  of  the  parameters  li  and  C  are  hot 
changed  by  such  a  redistribution  of  stringer  area.  Then  the 
tables  can  be  thought  of  ns  presenting  (a)  tho  load  which  is 
taken  by  all  of  tho  normnl-stress-cnrrying  material  up  to  5° 
on  either  side  of  the  location  of  a  fictitious  stringer  and -(b) 
tho  shear  flows  at  points  in  tho  sheet  halfway  between  fic¬ 
titious  stringers. 

Part  (a)  of  each  table  contains  the  values  of  pt/  and 
due  to  a  concentrated  perturbation  load  V—  1  on  stringer 
j= 0  at  ring  station  t=0.  Part  (b)  contains  the  values  of 
Pu  and  n,jL  duo  to  a  distributed  perturbation  load  of  total 
magnitude  S— 1  on  stringer  j—0  between  rings  i=0  and 
i=l.  Part  (c)  contains  tho  values  of  pu/L  and  duo  to  a 
shear  perturbation  load  per  unit  length  of  magnitude  Q=  1 
about  shear  panel  (0,0).  Tho  positive  senses  of  the  pertur¬ 
bation  loads  are  the  souses  shown  in  figure  3;  stringer  loads 
arc  assumed  positive  in  tension,  and  shear  flow  is  positivo 
when  an  element  of  the  sheet  is  loaded  by  shears  which  act 


A 


REPORT  1  I — NATION  aU Al>VI80UY  COMMITTEE  FOU  AERONAUTICS 
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O  1 

Ring 


(a)  Concentrated, 

(b)  Distributed. 

(c)  Shear. 

Kiouiik  3,— Perturbation  loai/s. 

in  tlic  positive  sense  of  the  sheer  perturbation  load.  The 
solutions  for  arbitrary  locations  of  the  perturbation  loads 
are  readily  obtained  from  the  tables  by  means  of  changes  of 
indices. 

The  application  of  these,  perturbation  loads  and  the  stress 
distributions  caused  by  them  in  the  stress  analysis  of  cir¬ 
cular  semimo.uocoque  cylinders  with  cutouts  is  discussed  in 
the  following  section.  The  perturbation  solutions  arc  exact 
only  for  infinitely  long  cylinders.  However,  in  the  solution 
of  a  cutout,  problem,  the  perturbation  loads  are  applied  in 
self-equilibrating  gioups  in  order  not  to  disturb  the  overall 
equilibrium^of  (he  structure;  therefore,  (ho  stresses  due  to 


the  perturbation  loads  decay  rapidly  in  the 'longitudinal1  di¬ 
rection.  Consequently,  the  application  of  perturbation 
stress  distributions  for  an  infinitely  long  cylinder  to  a  cyl¬ 
inder  of  finite  length  is  justified  if  (ho  vicinity  of  application 
of  the  perturbation  loads  is  far  from  (ho  ends  of  the 
cylinder. 

METHOD  OF  ANALYSIS 

STRUCTURR  WITH  .NO  RKI.NIOKCKMKNT  ABOUT  CUfOUT 


Application  of  perturbation  loads.- Consider,  first,  a 
structure  like  that  shown  in  figure  1  which  has  no  reinforce¬ 
ment  about  the  eutout.  The  stress  distribution  in  such  a 
shell  can  he  thought,  of  ns  a  superposition  of  the  stresses 
which  would  exist  in  the  structure  without  a  cutout,  and 
perturbation  stress  distributions  which  urise  because  of  the 
cutout.  The  structure  without- a  cutout  is  called  herein  the 
basic  structure.  The  stress  distribution  which  would  exist 
in  this  structure  is  called  herein  the  basic  stress  distribution. 
In  the  present  report  the  basic  stress  distribution  is  assumed 
to  he  known.  Then  the  problem  of  analyzing  a  structure 
with  n  eutout  consists  of  the  determination  of  the  perturba¬ 
tion  stress  distributions  to  be  superposed  on  the  basic  stresses 
in  such  a  manner  as  to  annihilate  the  effects  of  that,  portion 
of  the  basic  structure  which  lies  within  the  boundaries  of 
the  cutout,  finding  the  proper  magnitudes  of  these  perlnr- 
tn  tion  stresses  involves  the  solution  of  a  system  of  simulta¬ 
neous  algebraic  equations. 

At,  the  cutout  boundniv  in  the  structure  with  the  cutout, 
•wo  conditions  must-  he  satisfied:  (a)  the  stringer  load  must 
be  zero  at  points  where  a  stringer  is  interrupted  by  the  cut¬ 
out,  and  (b)  no  external  shear  forces  may  act  on  portions  of 
stringers  and  rings  which  border  the  cutout.  Bv  superposing 
concentrated  and  shear  perturbation  loads  on  the  basic 
structure,  the  resultant  stresses  can  he  made  to  satisfy  these 
conditions, 

'flic  method  of  analysis  is  as  follows: 

(1)  Find  the  stress  distribution  for  the  basic  structure, 
that  is,  the  cylinder  without- a  cutout. 

(2)  Place  perturbation  londson  the  basic  structure  in  the 
following  manner:  At  each  point,  where  a. stringer  would  he, 
interrupted  by  the  cutout,  place  a  concentrated  perturba¬ 
tion  loud;  and,  about,  each  shear  panel  which  would  he  re¬ 
moved  by  the  cutout,  place  a  shear  perturbation  load.  For 
the  case  of  a  cutout  removing  three  shear  panels  and  in¬ 
terrupting  two  stringers,  theso  perturbation  loads  are  shown 
in  figure  I. 

Boy 


Fiourb-).*— Application  of  perturbation  loads. 
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(3)  With  the  uso  of  the  tables  of  coeflicients,  write  n  set 
of  simultaneous  algebraic  equations  which  state  the  following 
conditions: 

(a)  At.  the  points  where  a  stringer  is  to  he  interrupted  In 
the  cutout  boundary,  the  resultant,  stringer  load  must 
vanish  when  the  boundary  is  approached  from  the  structure 
outside  of  the  cutout.  This  resultant  stringer  load  is  com¬ 
posed  of  the  basic  stringer  load  plus  the  stringer  load  duo  to 
all  the  perturbation  loads. 

(b)  In  each  shear  panel  which  is  to  ho  removed  b\  the 
cutout,  the  basic  shear  flow  plus  the  shear  flow  due  to  all 
the  perturbation  loads  must  bo  equal  to  the  shear  perturba¬ 
tion  load  applied  to  the  portions  of  stringers  and  rings  which 
border-that-  given  panel.  Thus,  the  shear  flow  exerted  by 
the  shear  panel  on  the  portions  of  stringers  and  rings  bor¬ 
dering  it-  will  exactly  cancel  the  shear  perturbation  load 
applied  to  those  same  portions  of  stringers  and  rings. 

(3)  Solve  the  system  of  equations  from  step  (3)  for  the 
magnitudes  of  the  perturbation  loads,  and  superpose  the 
stress  distributions  due  to  these  loads  on  the  basic  distribu¬ 
tion.  This  procedure  yields  the  stress  distribution  in  the 
structure  with  cutout. 

Upon  completion  of  these  four  steps,  the  magnitudes  of  the 
perturbation  loads  on  the  basic  structure  have  been  adjusted 
so  that  simultaneous  removal  of  that,  portion  of  the  basic 
structure  which  lies  within  the  cutout  boundary  and  the 
perturbation  loads  themselves  would  not  disturb  the  remain¬ 
der  of  the  structure.  The  perturbation  loads  are  in  equilib¬ 
rium  -with  the  portion  of  the  basic  structure  lying  within  the 
cutout  boundary.  The  stresses  outside  the  cutout  boundary 
in  the  basic  structure  subjected  to  the  actual  external  loading 
together  with  the  perturbation  loads  arc  precisely  the  same 
as  the  stresses  in  the  structure  with  the  cutout  subjected  to 
the  external  loading  alone. 

Conditions  3  (a)  and  3  (b)  can  he  expressed  mathematically 
by  the  following  equations,  respectively: 

t  *  t  9 

The  unknowns  are  /'(„  the  magnitude  of  the  concentrated 
perturbation  load  on  stringer  ij  at  ring  f,  and  Q(„  the  magni¬ 
tude  of  the  shear  perturbation  load  about,  shear  panel  (?,ij>. 
The  coeflicients  p«( f,ij)  and  ij,  :‘,i j)  are  found  in  port  la)  of 
the  tables  and  the  coeflicients  pm<,rj)  and  7ol£,r)  are  found  in 
part  (c),  The  summations  in  each  ease  are  extended  over 
the  appropriate  perturbation  loads,  liquation  )1)  is  written 
for  each  i,j  where  a  stringer  is  to  be, interrupted  by  the  cutout 
and  refers  in  each  case  to  the  stringer  load  as  the  point  i.j  is 
approached  horn  within  that,  portion  of  the  structure  lying 
outside  the  cutout  boundary.  Equation  (2)  is  written  for 
cacb  i,j  where  a  shear  panel  is  to  he  removed  by  the  cutout. 
The  form  of  cquntiona  (I)  and  (2)  is  the  same  regardless  of 
whether  the  rings  in  the  cylinder  are  considered  rigid  or 
flexible. 

This  method  of  analysis  may  be  applied  to  a  cylinder  hav¬ 
ing  n  cutout  more  than  1  bay  long,  but,  in  such  a  situation, 
'the  effects  of  removing  ring  segments  from  the  region  within 


5 

the  cutout,  boundary  are  neglected.  In  the  rigid-ring  case, 
such  effects  do  not.  exist  if  the  cut  rings  remain  effectively 
rigid-  in  the  flexible-ring  ease,  the  effects  of  cutting  a  ring 
could^Jii  principle,  be  taken  into  account  through  the  intro¬ 
duction  of  additional  types  of  perturbation  loads,  ft  is 
possible  that  even  with  flexible  rings  the  effects  of  cutting  a 
ring  are  negligible  in  certain  cases,  but  this  would  have  to  be 
verified  by  further  investigation. 

Sample  calculation. — In  older  to  illustrate  the  method  of 
calculation,  the  cylinder  shown  in  figure  5  is  analyzed.  A 
cutout,  which  removes  three  shear  panels  and  interrupts  two 
stringers  is  located  in  the  central  bay.  The  properties  of  the 
cylinder  are  taken  ns  follows: 

m=30 

/1=--0.2C0  sq  ill. 

/fa*  15  in. 

12-in. 

f=0.03l  in. 
b=li‘~= 2.02  in. 


.,0.200 
1  “  2.02  ' 


0.0992 


For  the  purposes  of  this  example  suppose  the  rings  are  very 
heavy  and  can  be  considered  rigid  in  bending  in  their  own 
planes.  From  these  properties  the  structural  parameters  IS 
and  f'are  calculated.  The  table  corresponding  to  the  values 
of  It  and  ('  closest-  to  the  computed  values  will  be  used.  If 
E\%  taken  ns  10.0X10*  psi  and  ft  is  taken  ns  4X10*  psi,  the 
parameters  IS  and  fare 


?/ 


C=r0 


Suppose  that  the  cylinder  is  loaded  with  the  bending 
moment  A/t  and  torque  .1/*  shown  in  figure  5.  The -per¬ 
turbation  load  svstcin  for  this  problem,  is  shown  in  figure  4. 
The  concentrated  perturbation  loads  are  doubly  symmetric 
about,  the  cutout.  The.  shear  perturbation  loads  are  sym¬ 
metric  about  panel  row  j-  0.  I.et  /'  represent,  the  magni¬ 
tude  of  each  of  the  concentrated  perturbation  loads.  J,et 
Q<,  represent  the  magnitude  of  the  shear  perturbation  load 
about  shear  panel  (0.0);  and  let  Qt  represent  the  magnitude 
of  the  shear  perturbation  loads  about  shear  panels  (0,1) 
and  (0,-1). 

Equations  (I)  and  (2)  are  now  written  for  ibis  example 
by  use  of  the  tables  of  coefficients  for  ll=i}  and  f-=0. 
Equation  (1)  for  the  stringer  load  condition  in  stringer 
j—  1  at-  ring  '<=  1  is  written  with  the  aid  of  tables  1  (a)  and 
1  (e;  ns  follows: 

— 0.o000/>+0.0470/'+0.0895/M(Ul92f<>l/,-0.il92i<><X— 

0.0374t?,/,+  p„=0 
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Flavins  5. — Circular  cylinder  with  cutout  used  in  .-ample  calculation. 


where  ]>,,  is  the  basic  stringer  load  in  stringer  j=  1  at  station 
t=l .  Because  of  symmetry.  thffsamo  equation, results  when 
equation  (1)  is  written  for  stringer  ,/=i  at  ring  i=0  or  for 
stringer  j=0  at  rings  t'=0  or  i=l.  Equation  (2)  for  shear 
■panel  (0,0)  is 

-0.2202  -+0.22(32  £-0.2262  £+0.2262  £+().09S0<?0- 

2(t).OO20)t?1+5o(,=<?o 

where  ~/(0  is  tiio  basic  shear  (low  in  shear  panel  (0,0).  For 
shear  panels  (0,1)  and  (0,-1),  equation  (2)  gives 

-0.2202  £^0.2262  £-0.1308  £+0.1308  £+0.09801?,- 

0.0029(?o+0.0ll9(?,+gci=(?i 
where  <jm  is  the  basic  shear  flow  in  shear  panel  (0,1).  These 
three  equations  in  the  three  unknowns  P,  <?„,  and  Q,  become 

0.;i029F+0.U92^-0.0818(?,7.=p„  1 

0.3014<?o/;4-0.12fl8f)I/)=5wr,  i-  (3) 
0.0029(?ot+0.2S95(?,2:=5oi/iJ 

For  simplicity,  let  100,001)  lb-in.  In  the  present 

example,  the  basic  stress  distribution  catnbe  found  front  ele¬ 
mentary  beam  and  torsion  theories  which  give  jj„=;i70 
pounds  and  9M=5«i=70.3  lb/in.  When  these  eonstanls-are 
introduced  into  the  system  of  equations  (3),  the  solution  is 

jP— 1,020  lb 
Oil— 1,750  lb 
<?, £=2,560  lb 

Stringer  loads  and  shear Hows  in  thc-neighborhood  of  the 
cutout  arc  obtained  by  superposing  the  effects  of  these 
perturbation  loads  on  the  basic  stress  distribution.  For 
example,  with  the  use  of  tnblcs  1  (a)  and  1  (e)  the  stringer 
load  at  the  intersection  of  ring  i=0  and  stringer  j— 2  is 


given  by 

/,(0.0895-r0.05n)+t?1/.(0.1192+0.()125)-KAC(0.0374)+pos 

=54 5+ poi 

The  basic  stringer  load  p®  equals  358  pounds.  Therefore, 
the  load  in  stringer  j=2  at  ring  i=0  is  903  pounds.  Other 
stinger  load-  at  ring  i=0  are  shown  in  figure  0(a).  The 
shear  flow  in  shear  panel  (—1,1)  is  given  by 

J  [P(0.22G2+ 0. 1 308-1-0.0044  —0.0300)  -h 

(?, £(0.1357— 0.0159H  <?o£(0.0097))+2_,, ,=55.1 

The  basic  shear  flow  q-i.t  equals  70.8  lb/in.  Thus,  the 
shear  flow  in  panel  (—1,1)  is  125.9  lb/in.  Other  shear 
flows  in  bay  i=  —  1  are  shown  in  figure  0  (b),  and  in  figure 
0  (e)  are  presented  shear  flows  in  the  net  section  (bay  r=0). 

STRUCTURE  WITH  REINFORCEMENT  ABOUT  CUTOUT 

Shear  reinforcement. — The  method  of  analysis  is  easily 
extended  to  problems  where  shear  panels  arc  reinforced  in 
the  neighborhood  of  the  cutout.  Supposo  that  some  of  the 
shear  panels  around  the  cutout  are  reinforced  by  the  ad¬ 
dition  of  a  certain  thickness  of  sheet  (i.  o.,  a  doubler  plate). 
Then,  the  procedure  consists  of  adding  shear  perturbation 
loads  to  each  of  these  shear  panels  in  the  basic  structure. 
On  the  doubler  plates  is  placed  the  same  shear  perturbation 
load  except  with  opposite  sign.  Then,  for  each  reinforced 
shear  panel,  an  equation  is  written  which  states  the  require¬ 
ment  that  the  shear  stress  in  tho  shear  panel  of  the  basic 
structure  shall  equal  tho  shear  stress  in  the  doubler  plato 
used  to  reinforce  that  panel.  When  this  condition  is  satis¬ 
fied,  the  loaded  doubler  plates  can  conceptually  bo  inserted 
into  the  basic  structure  without  distmhing  continuity.  The 
shear  perturbation  loads  on  the  doubler  plates  cancel  tho 
shear  perturbation  loads  on  tho  basic  structure. 

As  an  example,  consider  for  simplicity  the  cylinder  shown 
in  figure  5  loaded  only  with  bending  moment  Si,.  Tho  most 
highly  loaded  shear  panels  are  (hose  indicated  by  the  vertical 
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Distance  o'Ound  cylinder,  deg 


(a)  Stringer  loads  at  ring  bordering  cutout  (ring  i=>0). 

(b)  Shear  (low' m  bay  adjacent  to  cutout  (bay  i=  —  1), 

(c)  Shear  flow  in  net  section  (bay  i=0). 

Ficcnc  0. — Results  of  sample  calculation. 

hatching  in  figure  7.  Suppose,  notv,  that  these  shear  panels 
arc  reinforced  by  the  addition  of  plates  of  thickness  l*  to 
the  skin  oi  thickness  I  so  that,  the  total  thickness  in  these 
shear  panels  is  f+t*.  The  perturbation  load  system  to  be 
placed  on  the  basic  structure  is  shown  in  figure  8.  The  four 

3522S2— SC - 2 


doubler  phites  of  thickness  (*  are  shown  us  free  bodies  in 
figure  8.  Tho  shear  perturbation  loads  applied  to  them  are 
of  the  same  magnitude  ns  those  applied  to  the  basic  portions 
of  the  reinforced  shear  pnncls,  but  are  opposite  in  sign.  The 
conditions  that.  must,  be  satisfied  are: 

(a)  The  stringer  load  is  zero  in  stringers  j=0  and  j—l  at. 
rings  i=0  and  i—1  ns  each  of  these  points  is  approached 
from  the  structure  outsitlu  of  tho  cutout. 

(b)  The  shear  Mow  in  shear  panels  (0,— I),  (0,0),  and 
(0,1)  cancels  any  shear  perturbation  load  applied  about, 
these  panels  (til  this  example,  no  shear  is  developed  in  tho 
shear  panels  of  bay  i=0  ami  this  condition  is  automatically 
satisfied.) 

(e)  Tho  shear  stress  in  each  of  tho  shear  panels  (i,l), 
(1,-1),  (—1,1),  and  (— 1.— 1)  in  the  basic  structure  must 
equal  tho  shear  stress  in  tho  corresponding  doubler  plate. 

Condition  (a),  which  must  hold  where  stringers  j=0  and 
j=d  nro  interrupted  by  the  cutout,  is  expressed  by  a  single 
equation  because  of  symmetry: 

(-0,5000+0.047G+0.0895)P+(-0.1 192-0.0374  + 
0.0007—0.01  \S)QL+ />,,=() 

where  P  and  Q  are  tho  magnitudes  of  the  concentrated  and 
shear  perturbation  loads,  respectively,  and  /!„  is  the  basic 
stringer  load.  The  condition  in  shear  panel  (1,1)  that  tho 
shear  stress  in  the  basic,  portion  of  the  sheet  equals  the  shear 
stress  in  the  doubler  plate  (condition  (c»  is  expressed  ns 

(—0.2202— 0.1008— 0.0044 +0.0:1(10)  -.-+ 

(O.tiOSO-O.Ol  19— 0.0008+0. 00f>2)()J  y  =  —() 

where  /  is  the  thickness  of  tho  basic  portion  of  tho  shear  panel 
and  (*  is  the  thickness  of  the  doubler  plate.  Because  of 
symmetry,  the  same  equation  expresses  condition  (cj  for 
(lie  other  three  reinforced  shear  panels.  These  equations 
become 

0.:i029/>+0. 1 0 1 7  QL—J>u 

— 0.33l4/>+(~+C.085l)  (?/,= 0 

For  a  given  value  of  Ijt*  and  for  n  given  magnitude  of  .1/,  (so 
that.  J>,i  can  be  computed),  this  system  of  equations  can  be 
solved  for  P  and  Q,  and  the  stress  distributions  due  to  these 
perturbation  loads  can  then  be  superposed  on  tho  basic 
stress  distribution  to  give  the  stresses  about  tho  cutout. 

Stringer  reinforcement. — The  method  of  analysis  is  also 
easily  extended  to  problems  where  stringers  are  reinforced 
iu  the  neighborhood  of  the  cutout.  For  example,  suppose 
tho  coaming  stringers  in  the  structure  shown  in  figuro  5  have 
reinforcement  of  constant  cross-sectional  area  extending  1 
bay  on  either  side  of  the  cutout.  This  coaming-stringer  re¬ 
inforcement  is  illustrated  in  figure  9.  Let  the  area  of  the 
added  reinforcing  portion  of  a  coaming  stringer  be  «1*  so 
that  the  total  area  of  the  reinforced  portion  of  the  stringer  is 
-1+-1*.  It  is  assumed  that  the  stringer  load  is  abruptly 
transmitted  into  the  added  portion  of  the  reinforced  coam¬ 
ing  stringer  so  that  the  stress  is  always  given  by  the  force 
divided  by  the  cross-sectional  area. 
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Again  for  simplicity  suppose  that  (lie  cylinder  is  loaded 
only  by  the  bending  moment  A/,  shown  in  figure  5.  Tho 
perturbation  load  system  to  be  placed  on  the  basic  struc¬ 
ture  is  shown  in  figure  10.  The  added- reinforcing  portions 
of  the  coaming  stringers  are  shown  ns  free  bodies  in  figure 
10  with  the  proper  perturbation  loads  applied  to  them  The 
conditions  that  must  be  satisfied  are: 

(a)  The  stringer  load  is  zero  in  stringers  j=0  and  j—  1  at 
rings  i=0  and  t=l  as  each  of  these  points  is  approached 
from  the  structure  outside  of  the  cutout. 

(b)  The  shear  flow. in  shear  panels  (0,-1),  (0,0),  and  (0,1) 
cnnccls  any  shear  perturbation  load  applied  about  these  shear 
panels.  (This  condition  is  automatically  satisfied  in  this 
example.) 

(c)  The  stress  in  tho  basic  portions  ol  the  coaming  stringers 
•js=  —  1  and  7=2  equals  the.  stress  in  the  added  reinforcing 
portions  at  rings  t=0  and  1=1. 

„  ,  (d)  in  the  basic  portions  of  the  coaming  stringers  7'=  —  1 

fv'y  and  7=2  at  rings  f=  — 1  and  when  these  points  are 
/  approached  from  the  side  which  is  reinforced,  the  stress 
equals  the  stress  at  the  ends  of  the  added  reinforcing  portions 
of  the  coaming  stringers. 

Because  of  the  symmetry  in  this  structure,  only  three 
equations  are  required.  Tho  unknowns  are  I\  and  /+,  the 
magnitudes  of  the  concentrated  perturbation  loads,  and  5, 
(lie  magnitude  of- the  distributed  perturbation  loads.  Con¬ 
dition  (a),  which  must  hold  where  Stringer7=  1  is  interrupted 
by  the  cutout,  is  expressed  with  the  use  of  tables  1(a)  and 
1  (b)  as  follows: 

(-0.5000 + 0.0176 + 0.0895) /J,  +  (-0.0895-  0.05 1 1  -  0.0490 
0.0475)  l\  +  (-  0.0727  -  0.0340  -  0.0029  -  0.0499)5  +  =  0 

The  condition  that  the  stringer  stress  in  the  basic  portion  of 
stringer  7=2  equals  the  stress  in  the  added  reinforcing  por¬ 
tion  at  ring  i=l  (condition  (c))  is  expressed  ns 
[  (0.0895  +  0.051  l)P,  +-  (-0.0476  -  0.0330- 0.05G5  -  0.0402)  Pt 
+  (—0.1924  — 0.0195— 0.0567— 0.0379)S+-;»ul  ±=(/V+S)i 


Finally,  the  condition  that,  the  stress  in  the  basic -portion  of 
stringer  7=  2,  as  the  ring  i=2  is  approached  from  the  rein¬ 
forced  side,  equals  the  stress  at  the  ends  of  the  added  rein¬ 
forcing  member  (condition  (d»  is  expressed  as  follows: 

[(-  0.5000  -  0.0459  -  0.0394)  l\  +  (0.1924  +  0.0195  -  0.0499 

— 0.0398)5+ (--0,OS95—0.0511+0.0490+0.0475)/>H-7i»l 

These  three  equations  become 

0.3629P, + 0.237 1  /++ 0.2 1 95S= p„ 

-0.1406/,1+^+0.1773^/,,+^+0.3065)s=7).2 

0.0441/,,+^+0.5853^/,4-0.1222S=p« 

When  A! A*  is  known  and  the  magnitude  of  the  external 
moment  A/,  is  known  so  that  the  basic  stringer  londs  J'ii,  Tui 
and  Ji~>  can  be  computed,  this  system  of  equations  can  be 
solved  for  the  unknowns  l\,  l\,  and  5.  Superposition  of  (lie 
stresses  due  (o  these  perturbation  londs  on  the  basic  stress 
distribution  yields  the  stresses  about  the  cutout. 

In  this  example  the  basic  stringer  londs  do  not  vary  in 
the  longitudinal  direction,  and  the  concentrated  and  dis¬ 
tributed  perturbation  loads  can  be  applied  in  pairs,  equal 
in  magnitude  and  opposite  in  sign,  ns  shown  in  figure  10. 
However,  in  cases  where  the  basic  stringer  loads -do  vary 
longitudinal!.! ,  for  example,  when  the  shell  is  loaded  in  shear 
and  bending,  the  concentrated  and  distributed  perturbation 
loads  may  not.  occur  in  equal  and  opposite  pairs.  Fuiliier- 
inorc,  additional  distributed  perturbation  londs  may  lie  nec¬ 
essary  on  (he  coaming  stringers  in  bay  i=0.  If  such  is  the 
case,  the  stress  conditions  which  were  used  in  the  example  no 
longer  provide  a  sufficient  number  of  equations  to  determine 
tho  magnitudes  of  the  perturbation  loads.  The  required 


Fiourb  10. — I’erlurbution  load 


system  for  n  probleir.  of  coaming-stringer  reinforcement. 


supplementary  equations  are  found  from  the  conditions  of 
equilibrium  obtained  when  the  added  reinforcing  portions  of 
the  coaming  stringers  arc  considered  ns  free  bodies. 

Comparison  of  results  for  reinforced  and  unreinforced 
structures.— Some  calculated  results  for  the  problems  of 
cutouts  with  reinforcement  just  discussed  are  compared  with 
tlie  results  for  the  structure  without  reinforcement  in  the 
following  tables: 


The  reinforced  shear  panels  were  assumed  to  have  sheet 
twice  as  thick  as  the  uniform  sheet,  the  reinforced  portions 
of  the  coaming  stringers  were  taken  to  have  twice  the  men 
of  the  uniform  stringers.  The  applied  bending  moment  i\/, 
was  taken  ns  100,000  lb-in. 

The  following  comparison  is  noted  for  those  illustrative 
examples. Tn  the  ease  of  coaming-stringer  reinforcement,  the 
maximum  stringer  load  is  increased,  but  the  maximum 
stringer  stress  is  decreased  (because  stringer  area  is  doubled), 
a:::!  the  maximum  shear  flow  is  not.  appreciably  changed. 
In  the  case  of  shear  reinforcement,  the  maximum  shear  How 
is  increased  only  slightly  so  that,  maximum  shear  stress  is 
considerably  reduced,  and  stringer  loads  arc  not  appreciably 
affected. 

II— DERIVATION  OF  PERTURBATION  SOLUTIONS 

ANALYTICAL  APPROACH 

Equations  for  the  stress  distributions  arising  from  the 
three  perturbation  londs  illustrated  in  figure  3  are  derived  in 
this  part-  of  the  report.  The  perturbation  solutions  arc 
obtained  by  use  of  the  principle  of  minimum  complementary 
energy.  This  principle  states  time  among  nil  possible  stress 
distributions  in  the  structure  which  satisfy  equilibrium  and 
the  boundary  conditions  on  stress,  the  distribution  that,  most 
nearly  satisfies  compatibility  is  the  one  which  minimi/.cs  the 
complementary  energy  x*  where 

/Work  done  by  surface  stresses'^ 
jr*=In(crnn!  energy-l  ncting  through  the  prescribed  )  (4) 

\surfnee  displacements  J 
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Since  displacements  are  not.  prescribed  anywhere  on  the 
structure,  the  second  term  on  the  right-hand  side  of  equation 
(4)  is  omitted.  The  complementary  energy  becomes  the 
internal  energy  or  stress  energy  of  the  structure. 

In  writing  the  equation  for  the  stress  energy,  the  following 
factors  are  considered:  the  energy  of  axial  distortion  of  the 
stringers,  the  shear  energy  in  the  sheet,  and  the  bending 
energy  of  the  rings  in  their  own  planes.  Each  of  the  pertur¬ 
bation  loads  is  shown  in  its  positive  sense  in  figure  3, 
Stringer  loads  are  taken  as  positive  in  tension.  Shear  flows 
are  positive  as  shown  in. figure  11.  King  bending  moments, 
shear,  and  thrusts  aro  placed  on  the  ring  element  in  figure  1 1 
in  tho  positive  sense.  The  stress  energy  in  the  structure  can 
he  expressed  as 

[oJ?i  <!>" !»']+ 

<S> 

where  the  integration  over  the  length  of  a  stringer  between 
adjacent  rings  has  been  carried  out. 

In  the  analysis  to  follow,  stringer  loads  arc  expressed  in 
the  form  of  a  finite  trigonometric  series.  Then,  by  using 
the  equations  of  statics,  the  shear  flows  and  ring  bending 
moments  are  written  in  terms  of  the  coefficients  of  this  trig¬ 
onometric  series.  Tho  expression  for  stress  energy,  equation 
(fl),  is  minimized  with  respect  to  the  coefficients  of  the  trig- 
ouomctiic  series  for  stringer  loads;  then,  the  expressions  for 
the  stringer  loads,  shear  flows,  and  ring  bending  moments 
arc  substituted  into  the  resulting  equation.  .This  process 
yields  a  fourth-order  finite-difference  equation  which  can 


bo  solved  foi  those  trigonometric  coefficients.  Tho  solution 
is  then  substituted  hark  into  tho  original  expressions  for 
stringer  loads,  shear  Hows,  and  ring  moments  to  yield  the 
desired  distributions. 

For  convenience  in  application,  the  signirennl  equations 
are  collected  in  appendix  A. 


PERTUKI1ATION  LOAD  SOLUTIONS 

CONCENTRATED  PERTURBATION  I.OAD 

Expression  for  stringer  loads. — The  concentrated  per¬ 
turbation  load  is  shown  in  figure  3  (a);  let  P  represent  tho 
magnitude  of  this  load.  Since  the  structure  is  uniform  and 
infinitely  long,  half  of  tho  load  goes  into  the  portion  of  tho 
structure  to  the  right  of  the  ring  where  the  load  is  applied 
(ring  i=0),  and  half  goes  to  the  left  of  this  ring.  Therefore, 
it  can  he  seen  from  figure  3  (a)  that,  because  of  symmetry, 

(i^l)'l 

(«Sb)  f  (0) 

.!/(,»=  -4l/(-i»  (igO)J 


Consider  the  right  half  of  the  structure,  including  the  ring 
at  i=0.  The  concentrated  perturbation  load  .gives  rise  to 
stringer  loads  which  are  circumferentially  symmetric  about 
stringer  j—0  (see  fig.  3  (a)).  Thus  the  stringer  load  distribu¬ 
tion  can  be  represented  by  a  series  of  the  form 


2or2f> 

)>u=£  M*) cos  »;*  (") 


\\lu*rc  the  notation 


2 

n-0 


means  that  the  summation  is 


Kiocre  1 1. — Positive  scu-e  of  quantities  u-mI  in  mialvMS. 
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.carried  over  n  from  a~()  to  n~-^  if  m  is  even  and  to  n =  —g- 
if  m  is  odd: 

Evaluation  of/0(t)./i(i).  »nd/,(0).— Suppose  that  equation 
(7)  is  multiplied  by  eos  I  jo  and  summed  over,/  from  0  to  in— 1 . 
This  procedure  yields 

m 

u*«i  r  x  ,  W“ i  ,  , 

y'.Vi.  cos  /)’{=»  2D  /«(»)  2  »j"5  cos/^5 

;-c  n-o  1-9 

Tlio  sum  over  j  oil  the  right-lmnd  side  is,  for  0  ^  “  and 

OS/gf. 

W-l 

2D  cos  n jS  eos  i/i=0  d^ii) 

1-0 

/j _ 


“  ^l-Hal'+J^  (f=n) 


Thus  the  coefficients  of  the  trigonometric  scrius)in  etpmtion 
(7)  arc 

™njs  (8) 

It  is  desirable  first  of  all  to  determine  those  values  of /,(/) 
which  can  be  found  from  consideration  of  the  boundary  con¬ 
ditions  and  of  the  overall  equilibrium  of  the  cylinder.  Con¬ 
sider  the  equations  of  statics  for  the  cylinder  as  a  whole. 
Satisfaction  of  equilibrium  in  the  longitudinal  direction 
requires  that  the  sum  of  the  stringer  londs  at-  any  ring 
station  i  must  equal  one-half  of  the  applied  load  P.  This 
condition  is  expressed  as 

e=>  P 

2D  Vu=o 

l-o  ~ 

For  n=0,  equation  (8)  gives 

§  v"=&i  (9) 

Moment  equilibrium  gives  two  equations,  one  of  which  is 
automatically  satisfied  because  of  the  symmetry  of  the 
stringer  load  distribution  around  the  cylinder.  The  other 
moment  equation  is 

ra-l  ]>ll 

2D  Pu  It  cos  ji=-~- 
;»u 

For  n= X,  equation  (8)  is 

O  171-1  /> 

/.(i)=-  2D  Pu  cos  jo=-  (to) 

In  Jmq  III 

On  substituting  the  values  of  Mi)  and./i(i)  given  in  equations 
(!))  mid  (in),  respectively,  into  equation  (7),  there  results 

WjrM-l 

Pi, m  cos^+2  S  Mi)  cos  njo  (1 1) 


Consider  now  the  boundary  condition  at  ring  t=0.  The 
stringer  londs  here  are 

P  , 

°01 

and  substitution  of  this  expression  into  equation  (8)  yields 

(°S«So-)  (12) 

The  equations  of  equilibrium  and  the  boundary  condition 
at  i=0  have  been  used  to  obtain  certain  of  the  coefficients 
of  the  trigonometric  series  for  stringer  loads.  The  remainder 
of  the  coefficients' are  found  by  use  of  the  principle  of  min¬ 
imum  complementary  energy,  and  this  is  the  next  step  in 
the  solution. 

Expressions  for  shear  flows  and  ring  bending  moments.-— 
In  order  to  use  the  principle  of  minimum  complementary 
energy,  the  shear  flows  and  ring  bending  moments  must  be 
found  in  terms  of  the  trigonometric  coefficients /,(().  Shear 
flows  are  determined  by  the  consideration  of  the  equations 
of  statics  of  a  portion  of  any  stringer  j  between  two  adjacent 
rings  i  and  t+1,  The  forces  on  this  free  body  are  shown  in 
sketch  (a): 


Sketch  (a). 

Equilibrium  of  these  forces  requires  that 

Pi+u-Pu+('lii-lu-j)P=0  (13) 

Substitution  of  equation  (11)  into  equation  (18)  yields 

rri  m—\ 

|T  2 

?i/-?«./-i=-T  2D  [/»(«+ 1)—/«W1  cosir/a  (14) 

n-1 

In  order  to  find  q„,  replace  j  with  a  dummy  index  k  nml  sum 
both  sides  of  this  equation  over  k  from  k—  I  to  k—j;  that  is, 
write 

l'lQT  W-l 

D>D(2i*-?t,t-i)=-f  2D  l/i.(t+l)—/n(i)l  ^D  cos  nkS 

k-l  n-3 

When  the  indicated  summations  overt  have  been  carried  out, 
the  following  equation  is  obtained: 


In— tf  io=  —j  2D  !/.(/+ 1 )  — /»(f)J 

4/  w«z 


sin  n  (j+%)  5  t 


„  •  hi 
~  S"1  2 
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Tlio  term  5, o  ran  be  found  from  tlio  condition  that  the  total 
torque  on  the  section  is  zero.  The  resulting  expression  for 
shear  Hows  is 

a.i— *  S*  sin  n (j+ i)a  (is) 

2£  sin  K  ' 

■_,j  Bending  moments  are  caused  in  each  ring  by  a  tangential 
■  loading  which  develops  because  of- the  dilference  in  shear 
How  in  the  sheet  on  either  side  of  the  ring.  The  tangential 
load  on  ring  f  has  the  value 

m  m-1 

’g  . (i+J>  00) 


In  appendix  B,  this  load  is  applied  to  a  circular  ring  and  the 
bending  moment  ill  the  ring  is  derived.  This  procedure 
results  in  the  following  moment  in  ring  i  (seeeq.  (BO)): 


m 


w,*r~  s  4-r  *»uwun,4>)  (17) 


The  sign  convention  for  the  moment,  is  illustrated  in  figure 
11;  the  convention  for  measuring  the  angle  4>  is  shown  in 
figure  12  (a). 

Energy  analysis. — The  stringer  loads,  shear  flows,  and 
ring  bending  moments  have  non  been  expressed  in  terms  of 
the  coefficients, /„(i).  The  stringer  loads  are  given  in  equa¬ 
tion  (11),  the  shear  flows  in  equation  (15),  and  the  bending 
moments  in  equation  (17).  These  equations  are  used  in  the 
minimization  of  the  stress  energy  of  the  cylinder  with  respect 
to/,(0- 

By  virtue  of  the  symmetry  properties  of  this  problem 
expressed  in  equations  (G),  the  energy  in  the  structure  to  the 
left-  of  ring  i=0  is  the  same  as  the  energy  to  the  right  of 
ring  f=0.  Thus,  equation  (5)  becomes 


»  ™-ir  r  inr  -i 

t’=2  SS  Wj+ 

■Sr**™* 


(a)  For  concent  rated  and  distributed  perturbation  load;?.  (b)  For  shear  perturbation  load. 

Figure  12.— Convention!#  for  angular  coordinate  <t>. 


14 


tlBl'Oin  1231 — NATIONAL  ADVISORY  COMMITTEE  FOIl  AERONAUTICS 


Note  that.  3/(0, <3)  is  identically  zero  because  tlicro  is  no 
difference  in  shear-flow  across  ring  i=0  and,  therefore,  no 
tangential  load  acts  on  this  ring. 

Minimization  of  the  stress  energy  with  respect-  to  /„(,/)  re¬ 
sults  in  the  following  equation; 

>>  |mo+ 


Rblj  /  &Qtt  i  j\"l  , 

"or  v"  % 1  w/  )J+ 

f  cLU(i+l,4>)  ..,.  b.\l(i,4,) 

d/(i-l^)^|r.L'_«](4  (18) 

The  coefficients  /o(t)  and  /i(t)  are  known  already  for  all 
values  of  i,  and /„(0)  is  known  for  0 Equation  (18) 

therefore  needs  only  to  he  considered  fo>-  f^l  and  n  S2. 
Tho  expressions  for  the  stringer  loads,  shear  flows,  and  ring 
bending  moments  are  substituted  into  equation  (IS).  Then 
the  following  definite  sums  are  needed  (these  can  bo  obtained 
by  tho  procedure  outlined  in  ref.  7): 


2  cos  ;<ja=0  (0 <«<m) 

l-o 


A  closed  form  of  S,  is  presented  in  appendix  C  but.  the  series 
form  converges  so  rapidly  that  it  is  usually  more  convenient 
than  the  closed  form  for  liso  in  calculations. 

After  substitution  of  the  expressions  for  stringer  loads, 
shear  (lows,  and  ring  moments  into  equation  (18),  tho  use 
of  theso  definite  sums  (19),  (20),  and  (21),  and  definite 
integral  (22)  results  in  tho  following  equations  which  express 
the  condition  of  minimum  stress  energy: 

For  i=l, 

/.(:i)+2Yj.(2)-H2fl„-lU.(l)-)-2(T„+iy>(0)=0  (23a) 
and,  for  t  &  2, 

./.(i+ 2)  +2y*/.(i+ l)+2ft^„(i)+2Y*f,(i—  l)+/,(i— 2)=0 

(23b) 


3  B£__ 

2~.  .lit 
Sill*  -g- 

2-1  1 . 1/  ft- 


fl,=3+- 


and  for  the  integers  n  and  l  restricted  to  the  range  1  gn  S— 


and  l  S/g- 


W-l 

S  cos  Ijd  cos  njB—0 


=f(,+5,?)  (U--) 


S  sin/(i-r0osin  n  (j+^Ji-0 


=t(1+S"-t)  (/=”) 


The  following  dcfmito  integral,  which  is  derived  in  appendix 
C,  is  also  needed: 


7/, («,*)//, ft 


s.  =  S  d„ 


--Sn*  (,+Vf)  (/=») 


r— .  (rm +n)* ((r«-r»)'— I)2 


and  where  n  and  L  arc  restricted  to  2  gn  S-^y  and  2  S/Siy- 


Solution  of  finite-difference  equation.— Equation  (23b)  is 
a  fourth-order  finite-difference  equation  with  constant  co¬ 
efficients.  (Note  that  the  symbol  i  represents  the  index 
of  the  rings  and  bays  and  should  not  be  confused  with  the 
usual  notation  for  y— T  which  never  appears  in  this  report.) 
Equation  (23b)  corresponds  exactly  with  equation  (2-1)  of 
reference  8.  Tho  general  solution  is  presented  on  pages  23  to 
20  of  reference  8  and  on  pages  28  and  29  of  reference  9.  Jt 
may  be  written  as 

f»(i) = ( ±  ‘[  ai .  A 1 ,  (i) + a,,  Aj„  (i))  -j* 

(±e+’Y  (aj,Al,(0+o,.  Aj.fi))  («£  2)  (24) 

where  ibe  upper  sign  is  used  when  y„<0  and  the  lower  sign 
when  7„>0.  The  values  of  A  are  as  follows: 


For  >  1 , 

•  n 


Ai«(i)=cos  iXn 
sin  ix. 
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For  D,<1, 


A,.(i)=cosh  ix, 
Ai,(0=ssinh  ixn 


wlicro 


ForD„=I, 


A,.=  t 


Aj„=! 


In  the  invcrso  trigonometric  and  hyperbolic  functions,  the 
principal  values  are  used.  The  argument  of  the  exponen¬ 
tial  function  is  given  by  the  positive  branch  of 


At  a  large  longitudinal  distance  from  the  applied  load,  the 
stringer  loads  should  approach  the  elementary  distribution 
given  by  the  first  two  terms  of  equation  (11);  consequently, 
for  n52,  /„(i)  approaches  zero  as  i  approaches  infinity. 
The  first,  term  on  the  right-hand  sido  of  equation  (24) 
satisfies  this  condition;  however,  tho  second  term  docs  not 
and,  hence,  must,  be^omitted.  'flic  solutions,  then,  that  are 
compatible  with  tho  boundary  conditions  at  infinity  are: 

/.(0-f.‘KA,.©+«thAt,(01  (»fe2)  (25) 

where 


Now  the  arbitrary  constants  and  at„  are  determine'! 
The  first,  «i„  is  obtained  immediately.  Substitution  of 
t=0  into  equation  (25)  and  use  of  equation  (12)  to  evnlunte 
,/»(0)  yields 


/.(0)=«„= 


(»£2) 


(20) 


Substitution  of  equations  (2C)  and  (25)  into  tbc  boundary 
equation  (23a)  yields 


wlicro 


e,.+2(7,-H) 

Oj. 


0,„=f,aAJS(3) +2Y„r,JA,„(2)  +  Wn-  Of  ,A„(1 )  («=  1 ,2) 


Tho  solution  for  the  concentrated  perturbation  load  is  now 
complete  since  (ho  coefficients  /„(i)  are  completely  defined 
and  may  be  substituted  into  equation  (11)  to  give  the 
stringer  loads.  The  shear  flows  enn  be  found  from  equation 
(15);  however,  once  the  stringer  loads  arc  known,  it  is  simpler 
to  calculate  tho  shear -flows  by  the  use  of  the  cquutioiis  of 
statics.  Because  of  symmetry,  the  shear  flows  in  shenr 


panels  adjneent  to  stringer  j=0  are  given  by 


<7io=— 


Pit >~-pt+i.o 

2i 


All  tho  other  shear  flows  can  be  found  by  the  use  of  equation 
(13).  If  desired,  tho  moment  distribution  in  tho  rings  can 
be  computed  from  equation  (17)  and  tho  thrustand  trans¬ 
verse  shenr  in  the  rings  can  be  found  from  tho  formulas 
given  in  appendix  B. 

DISTRIBUTED  FKKTURBATION  LOAD 

Expression  for  stringer  loads. — The  distributed  perturba¬ 
tion  load  is  shown  in  figure  3  (b);  let  S  represent  tho  magni¬ 
tude  of  tho  total  force  distributed  along  stringer  j= 0 
between  rings  t=0  and  (=1.  From  figure  3  (b)  it  is  seen 
that 

Vti—  “P-i+i.j  (i&  1)  (27a) 

?u=7-u  (t'sSD  (27b) 

J/(i,«— A/W+l,*)  (igl)  (27c) 

At  ring  i=l  and  to  the  right  of  this  ring,  tho  stringer  loads 
can  be  represented  by  a  trigonometric  series  of  exactly 
the  same  form  as  equation  (7) 

Pn-  S  /„(»)  cos  nji  (28) 


except  now  igl,  and  the  coefficients/,^)  are  different  from 
those  obtained  for  the  preceding  case  of  the  concentrated 
load. 

Evaluation  of /0(i)  and /i(i). — As  in  the  preceding  case,  tho 
first  two  coefficients /0(t)  and  /,({)  can  be  obtained  from  the 
equations  of  statics,  and  the  results  are  the  same  as  before. 
Equation  (28)  becomes 

m  r*~t 

S  S  2  °r  *2 

+  m  c03j{+  S  /„(i)  cos  njS  (i&l)  (29) 

With  the  concentrated  peiturbation  load,  all  the  coeffi¬ 
cients  /„(0)  were  easily  found  because  tho  stringer  load 
distribution  at  ring  station  i=0  was  known.  Hero  no  such 
distribution  is  known.  In  order  to  determine  tho  boundary 
condition  at  bay  i=0,  the  effect  of  the  distributed  perturba¬ 
tion  load  on  the  equilibrium  of  portions  of  stringers  in  this 
bay  must  be  investigated. 

Expressions  for  shear  flows  and  ring  bending  moments. — 
Away  from  bay  £=0  the  shear  flows  and  ring  bending  mo¬ 
ments  aro  of  the  same  form  as  for  the  concentrated  load. 
The  following  expression  for  tho  shear  flows  is  obtained 
by  use  of  equation  (13): 


2£sin 


'*  (i+|) 


«  (iSl)  (30) 
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The  ring  bunding' 'moments  arc  obtained  in  appendix'  B  as  Substitution  of  the  expression  for  stringer  loads  (equation 

(29))  and  the  trigonometric  expansion  for  S„,  (equation  (33)) 


M  W-l 

Hhn 


d/(, ',*)=-  s  ™V.(t)7/,(n,a)  (is 2)  (31) 


,,  ^  cos  (nn-j-n)ij> 

r&(rm+n)*l(rm+7i)>-ll 

The  applied  force  in  bay  i— 0  may  bo  written  ns  SSoj.  Con¬ 
sider,  now,  the  equilibrium  of  a  portion  of  any  stringer  j, 
between  ring  i=0  and  ring  t=l,  The  forces  on  this  free 
body  arc  shown  in  sketch  (b): 


into  the  equilibrium  equation  (32)  yields 


m  M-l 
12  2 
_  *  v\ 


7o/-'/o./-i=r  2  (&/„— 2/„(l))  cos  tijs 

In  order  to  find  qah  this  equation  can  be  treated  in  the  same 
manner  as  equation  (14);  tlint  is,  replace  j  by  a  dummy 
index  k,  sum  from  k=  1  to  k—j,  and  then  use  the  condition 
that,  the  total  torque  on  a  cross  section  in  bay  i=0  must  be 
zero.  'I'his  procedure  results  in  (he  following  expression  for 
the  shear  Hows  in  bav  f=0: 


?-'V  \sd-m 

■■  2  — - TT-S 

nmt  L  sin 


Sketch  <I>). 

Equilibrium  of  these  forces  requires  that 
Pu—Z,«+  ('/«  ~  '/n.i- 

Because  of  the  antisymmetry  property  expressed  in  equation 
(27a),  the  equilibrium  equation  becomes 

-Z’lt+to/- SSny-'O  (32) 

It  is  convenient,  now.  to  expand  thcKroneckcr  della  in 
a  rmito  trigonometric  series, 


The  expression  for  the  bending moment-  in  rings  f=l  and. 
i=0  is  yet-  to  be  found,  ns  this  expression  differs  from  that 
for  the  moment  in  the  rest  of  the  rings  given  in  equation  (31). 
The  moment  in  ring  i— 0  is  the  same  in  magnitude  ns  that, 
in  ring  j  =  I  but  opposite  in  sign.  The  tangential  loading 
on  ring  f=l  is  given  by 

. (,+•), 

nmt  2Lsin~  v 

By  analogy  with  equations  (1(1)  and  (17).  then,  the  bending 
moment,  in  ring  t=- 1  can  be  written  as 


:i/(U)= 


r  /i!n) 


0(,,=  2  <h,  vos  n jt  (33) 

n-u 

Multiplying  through  by  cos  /jo  and  summing  over  j  from  0  to 
1  yields  the  trigonometric  coefficients  </„.  The  result-  is 


Energy  analysis. — By  virtue  of  the  symmetry  proi0rties  in  (his  problem  given  in  qy)mtions  (27),  the  energy  in  the  struc¬ 
ture  to  the  right,  of  bay  i=0  equals  the  energy  to  the  left  of  this  bay.  Equation  (5)  for  tho  stress  energy  can  be  written 

Minimization  of  the  stress  energy  with  respect-  to  /„(>)  results  in  the  following  equations: 

a/;  „  sr  /.  „  ,  ,  ap,.  ,  usl/„  a qu  ,  3Swvi.  /•*»  //r„w  ,*aj/(2.<».  ,,,  ...... 

&A(i)“0“ S ir,AE{']p' of„( i y  2  w  v ?!/ o/„t i >  •  &a/„(i)/j 1 J0  /'.7L‘,/("’W  a/„(i)  r-’  (i,<w  a/„(i)  J ^  (Ab) 


All  the  stringer  loads,  shear  flows,  and  ring  bending 
moments  have  now  been  expressed  in  terms  of  the  coefficients 
/„(i).  The  stringer  loads  are  given  in  equation  (20),  the 
shear  flows  in  equations  (30)  and  (35),  and  the  ring  moments 
in  equations  (31)  and  (3(1).  The  next  step  in  the  analysis 
is  the  substitution  of  these  expressions  into  the  equation 
obtained  from  minimi/.ation  of  the  stress  energy  of  the 
cylinder  with  respect  to,/,(i). 


STRESS  ANALYSIS  OF  CIRCULAR  SEMIMONOCOQUB  CYLINDERS  WITH  CUTOUTS 


17 


Will 


W 

*/.(©“ 


“-STsffl 


dp„  j  H&I. 

<>/."(«) 


«V(i,*) 


d/.U) 


4-A/(i— i,C) 


oAlf) 


i+¥0 


di/11  , 

'/u  d/„(()+'/'-' 
(i£2) 


&\/(t-H,<#>) , 

<//„(,/  + 


(39) 


Noie  that  equation  (39)  is  the  same  ns  equation  (IS),  except 
(lint  equation  (39)  is  valid  only  fortS2. 

The  stringer  loads,  shear  Hows,  and  ring  moments  are 
substituted  into  equations  (3S)  and  (39),  and  then  the 
definite  sums  and  definite  integral  derived  in  the  preceding 
section  are  used  to  simplify  these  equations.  After  simpli¬ 
fication,  the  following  equations  result: 

For  i=l, 

/„  (3)+(2r„—  I) /,  (2)4-2  W-y.) /»  (1)= Sd.  ( -?”'y 

(40a) 

For  t=2, 

,/,(4)4-2y./.(3)  +2&./,(2/+(2y.- 1  )/»(l)=  -&/„  (40h) 

For  is 3, 


r„=f.*A„(-l)+27.r,*A,.(3)+2p.ffc‘A,.(2)  + 

(27.-Df.AI.(l)  (s-=  1 ,2)  (42b) 


The  eoellieients  /„(/)  are  now  defined  for  the  distributed 
perturbation  load  and -nmj  he  substituted  into  equation  (29) 
to  give  the  stringer  loads.  The  shear  Hows  can  he  found 
horn  equations  (30)  and  (33),  hut,  again,  once  the  stringer 
loads  are  known,  shear  Hows  can  easily  he  found  by  use  of  the 
equations  of  statics.  The  shear  How  in  the  panels  adjacent  to 
stringer  j  =0  can  he  found  hv  considering  symmetry: 

In  hay  i— 0 


?oo— — f/o. 


and,  outside  of  hay  i=0, 


!/:-.= 


„  _7>e>— /L+i.o  (fvi, 
'h.  -I-  ,>/ <t£l) 


/,(i+2)  F2Y^,(i4-l)+2.8,/,(i)  4-2y  J.(t- 1 )  +/.(f-2)  -0 

(40c) 


Solution  of  finite-difference  equation. — Equation  (40c) 
is  the  same  as  equation  (23b);  therefore,  the  solution  to 
equation  (40c)  is 

/ «( i)**f*  l«(«A|»(t)  4-«i»Aj,(f)l  0.&2I  (41) 


which  is  the  same  us  equation  (.25)  except  for  the  values  of 
the  arbitrary  constants  and  «j„.  These  constants  are 
found  by  the  substitution  of  the  solution  i41>  into  equations 
(40a)  and  (40b).  This  proculuro  yields  two  simultaneous 
algebraic  equations  in  o„  and  and  their  solution  gives 


/ 


,,  /3.-4T.-2 

-lj, - ;{- -  -+“i.  2S 

=_s)T» I's.-n.n/,  (Wi+s 


S»'f) 


ih,+i'. 


/J.-4Y.- 


«!» 


i‘l»Tl  in  g  25’ 

Hi.  I'ln-lVAhn  "If  H-5 


where  </„  the  coefficient  in  the  trigonometric  series  for  the 
Kroncckcr  delta  50j,  has  been  replaced  by  its  value  ns  given 
in  equation  (34),  and  where,  the,  H’s  and  l”s  are  given  by 

S!„ = f  »JA,.(3)  +  (2y„—  1  )  j-„*A,„(2)  +2tf  ,-rJf,A„(l) 

(*=1,2/  (42a/ 


The  other  shear  Hows  are  found  from  equation  (13),  as  before. 
If  desired,  the  ring  moments  can  he  obtained  horn  equations 
(31)  and  (30)  and  the  ring  thrust  and  transverse  shear  can 
he  found  from  the  equations  given  in  appendix  1). 

.siibak  riniTiniiiATioN  load 

Expression  for  stringer  loads. — -The  shear  perturbation 
load  is  shown  in  figure  3  (e).  The  magnitude  of  the  load  per 
unit  length  applied  along  the  stringers  and  rings  bordering 
shear  panel  (0,0)  will  he  represi  tiled  In  Q.  From  figure  3(c) 
it  is  seen  that  the  longitudinal  symmetry  properties  in  tins 
case  are  the  same  as  those  for  the  case  of  the  distributed 
perturbation  load  given  by  equation  (27). 

The  shear  perturbation  load  is  self-equilihinting  and  gives 
-ise  to  stringer  loads  which  are  antisymmetric,  about,  panel  row 
j—i).  For  iS  1,  the  stringer  loads  may  he  represented  by 

m  m~  I 

jW  *  /  IN 

Pi,=  Z,  /.(I1)  sm  II  (j-.jJ  5  (43) 

where  the  coelfic.ients/„(i)  are  different- from  those  in  the  two 
preceding  cases.  The  term  corresponding  to  n  — 1  vanishes 
iiecauso  it  represents  an  elementary  bending  stringer-load 
distribution,  and  the  shear  pcrturbntion  load  does  not  require 
this  distribution  for  overall  equilibrium. 

Expressions  for  shear  flows  and  ring  bending  moments. 
None  of  the  coefficients /,(<)  in  the  trigonometric  series  (43) 
can  he  found  from  (lie  equations  of  statics.  Furthermore, 
tlio  boundary  condition  at  hay  i=0  must  he  determined  from 
a  consideration  of  the  effect,  that  the  shew  pcrtuihatiuii  load 


J8 
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has  on  the  equilibrium  of  the  portions  of  stringers  in  lmy 
i=0  and  on  the  bendingmoment  in  the  rings  bounding  this 
bay.  Thus  tin;  energy  approach  must  be  used  immediately 
and  the  first  step  in  this  approach  is  to  write  the  shear  Hows 
and  ring  moments  in  terms  of  Jn(i),  the  coefficients  f  the 
trigonometric  series  for  the  stringer  loads,  equation  (4:1). 

Outside  of  bay  i=0,  the  satisfaction  of  the  equations  of 
idnties  for  the  portions  of  stringers  between  adjacent  rings 
yields  equation  (13),  the  same  ns  ill  the  two  preceding  cases. 
Substituting  equation  (43)  for  the  stringer  londs  into  the 
equilibrium  equation  (13)  and  following  the  same  procedure 
used  to  obtain  equation  (15)  yields  the  expression  for  the 
shear  Hows  due  to  the  shear  perturbation  load: 


”~{  2 I,  sin  -jr 


^Plie  tangential  loadings  on  the  rings  to  the  right  of  ring 
i—  1  are 


hi~h-i.r 


m  M-*I 

;’V'A40„ 


2b  sin -7; 


In  appendix  U  this  load  is  applied  to  a  circular  ring  and  the 
following  expression  for  the  moment  in  the  ring  is  obtained 
(seo  eq,(B13)): 


M  M-J 

T  H‘m 


Because  of  the  antisynnuetri  property,  equation  (27a),  the 
equation  of  equilibrium  becomes 

-Pu  +  Q(bo.)  i  — 5lij)/.=0  (40) 

The  substitution  of  the  stringer  loads  (equation  (43)),jlilo 
the  equilibrium  equation  (46),  and  the  introduction  of  tho 
trigonometric  expansion  for  the  Kroneeker  delta  <50J  (equation 
(33))  yields  tho  following  equation: 


1  2 or  t  /  1  \ 

i/-'(0.1-l--y-  2  2/»(l)  sin 


Qilt  (cos  O’— 1)5— cos  jJ]—  2  Q(K  [eos  «(,/— 1)5— cos  njSj 

Sow  i/m  can  be  found  by  replacing  j  with  a  dummy  index  k, 
summing  over  k  from  k  ~  I  to  k-j,  and  using  the  condition 
that  the  torque  on  a  cross  section  within  bay  i= 0  balances 
the  applied  torque.  This  procedure  results  in  tin1  following 
equation  for  the  shear  How  in  the  central  bay: 


ilv-Qd, 


2  ■  .«  (i§2)  (45) 

where 

n  In  AY-  S'  r_ nr_  si»  ('■»'  +  »)<> 

/MM)  (  1)  („,n.„/«|(rn,+a)»_r) 

The  convention  for  measuring  the  angle  $  here  is  a  little 
different  than  before  and  is  illustrated  in  figure  12J1))1 
Now,  the  shear  Hows  in  bay  i— 0  and  the  bending  moments 
in  the  rings  bordering  bay  t=0  must  be  found.  Consider 
the  shear  flows  in  this  central  bay.  The  shear  perturbation 
loading  npplied  at.  bay  t=0  may  bo  written  QSot.  Then  the 
forces  on  the  portion  of  any  stringer,/  between  ring  f=0  and 
ring  i  =  l  art  as  shown  in  sketch  (c): 


Wo+<?</|  cosj4+  2  /-J’ cos  njt  (47) 
"*J  y,  sin-  J 


Consider  (he  bending  moment  in  rings  f=I  and  t'=(). 
The  moment,  in  ring  f=0  is  identical  in  magnitude  to  the 
moment  in  ring  1=1  but-  of  opposite  sign.  The  tangential 
loading  per  unit  arc  length  on  the  portion  of  ring  1 
between  stringer  j  and  stringer  j+ 1  is  illustrated  in  sketch 

(d): 

‘  stringer  jt\ 


^  stnrger  / 

Sketch  (<1). 

When  these  tangential  loads  are  added -nndethe  series  ex¬ 
pansions  for  1 lot,  in,  and  Sm  are  introduced,  the  total  load 
per  unit  arc  length  on  ring  i—  I  is  given  by 


Sketch  (c). 

Equilibrium  of  these  forces  requires  that. 

7h ;  ~  Po/  +  ('/o; — e/o, , 1 )  /-■ + (/  («o.  j  ~  1 — 5<e)  /-  “0 


„  4m  _ 7 A(2)-3/,(l) 
i~hlJr(lh)~  Zj  - - <‘( 


21,  sin  ™ 

By  analogy  with  equations  (16)  and  (17)  the  bending  moment 
in  ring  i—  1  is 

PI  174  —  I 

2  i 

3/(1, 0)-=-  2  :  7  !/,(2)-:i/,(l)l  Ih(n,4>)  (48) 

-xl. 

Expressions  for  stringer  loads,  shear  Hows,  and  ring 
moments  have  been  written  in. 'terms  of  the  coefficients 
/„(i).  The  stringer  londs  arc  given  in  equation  (43),  the 
shear  Hows  in  equations  (44)  and  (47),  and  ring  moments 
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iu  oqtiations  (45)  ai,  1  (4S).  These  expressions  me  remlv  to 
he  substituted  into  tie',  c<|Ufttion  which  results  from  mini¬ 
mising  tlm  stress  energy  with  respect,  to /,((). 

Energy  analysis. — Ifecause  the  longitudinal  symmetry 
relations  which  exist  for  the  distributed  perturbation  load, 
equations  (27),  also  exist  in  the  case  of  the  shear  perturbation 
load,  the  stress-energy  expression  used  in  the  distributed- 
load  problem  can  be  used  here.  The  expressions  obtained 
on  minimising  this  stress  energy,  equations  (3S)  and  (20), 
are  also  applicable  here.  Consequently,  the  stringer  loads, 
shear  Hows,  and  ring  moments  just  derived  arc  substituted 
into  equations  (38)  and  (39).  At  this  stag!'  in  the  two 
preceding  cases,  certain  definite  sums  and  a  definite  integral 
were  introduced- to  simplify  the  equations.  A  similar  proce¬ 
dure  is  followed  here. 

The  definite  sums  which  are  of  interest  are 


gives  two  simultaneous  algebraic  equations  for  «i»  and  «»„ 
the  arbitrarv  constants.  Solution  of  this  system  yields 


n  - 1  /  I  \ 

l_,sin  n\j— 5)8=0 


and  for  the  integers  it  and  /  restricted  to  the  range  1  g  »  S|  - 
and  lg/g-r 


Zj  COS 

/ ji  COS  II js=() 

(/r^ll) 

((=«) 

(;4) 

2  y 

5 sin  n(j—]-)o--0 

(/?bl) 

\  -/ 

m  ..  ,  .  . 

„  0.— 47,— 11  .  n5 
1 ».  :i  —  sm  5- 


I3.-4Y.-11  «{ 

1 1. - ,-j- - sm 

Uni's.— 1'i.flj. 


4  QL 

M)L 

r,r(1+V?) 


'1'lie  ft’s  and  l'’s  in  this  case  are  precisely  the  same  as  in  the 
preceding  case  of  the  distributed  perturbation  load;  ft,,  is 
given  by  equation  (42n)  and  I',,  by  equation  (42b). 

With  the  coefficients /.(0  known  for  the  shear  perturbation 
load,  the  stringer  loads  arc  obtained  from  equation  (43)  and 
the  shear  flows  can  be  found  from  equations  (44)  and  (47). 
For  panel  row  j—0,  (he  shear  flow  equations  become 

Iha—  2-1  —  /;•*,  |\ 


M  »/»«■! 

T 

m 


/.(l  L  , 

.  «{"riii/T-H 
,sm -0- 


The  required  definite  integral,  which  is  derived  in  appendix 
C,  is 

j*’  o  (/  *  li) 

=*6>  ^1-4-5  ^  (/—it) 

where  it  and  /  are  restricted  to  2gng4  and  2  g / g  — ■ 
After  simplification  the  following  equations  result  • 

For  i=l, 

/,(3)-i-(2Y,- l)/„(2)+  2(j3.— V„)/.(l) 

=  -2  LQd,  1  ’)  sin (49a) 

For  i=2, 

/,(4)  +  27„/„(.'i)  -j-2/3„/„(2H-  (2y„— 1)/.(  1 )  =0  (49b) 

For  r  S3, 

/.</+ 2)  4  2y./„(i4  !,’  i  2,V.(»)  !  2-,„/,(f  0  '  /„(t  2)-ft 

(49c) 

Solution  of  finite-difference  equation. — liquation  (49c) 
is  the  same  finite-difference  equation  for  which  the  solution 
is  written  in  the  two  prcc  mig  sections.  Substitution 
of  this  solution,  equation  (41),  l.nO  equation  (49a)  and  (49b) 


When  the  shear  flows  in  panel  row  are  known,  it  is 
simpler  to  compute  the  remainder  of  the  shear  flows  by  use  of 
the  equations  of  statics  rather  than  equations  (44)  and  (47). 
In  shear  panels  (0,1)  and  (0,  *1)  adjacent  to  the  loaded  panel, 
the  shear  flow  is  given  by 


2;i„-l  -QL 

ii='?a-i =2w-  i 


All  the  other  shear  flows  are  found  by  use  of  equation  (13). 
If  desired,  the  ring  bending  moments  can  he  found  from 
equations  (45)  and  (48)  and  the  ring  thrust  and  transverse 
shear  can  be  calculated  from  the  formulas  given  in  ap¬ 
pendix  15. 

LIMITING  CASE  OF  RIGID  RINGS 

If  the  ring  bending  stiffness  is  allowed  to  increase  indefi¬ 
nitely,  the  rings  approach  complete  rigidity  in  bending,  the 
parameter  C  approaches  zero,  and  a  considerable  simplifica¬ 
tion  results.  For  this  limiting  case,  equations  (23)  for  the 
concentrated  perturbation  load  reduce  to 

/,(i+l)-2^./.(i)+/.(i-l)=0  (/SI)  (50) 

where 

.'1.--3//52—  1  -l-cos  ii 5 
/3,=3/35i+2(l  —cos  no) 

This  can  he  shown  easily  by  multiplying  equations  (23) 
through  by  C and  allotting  C  to  approach  0.  liquation  (50) 
is  a  second-order  finite-difference  equation  with  constant 
coefficients.  The  same  equation,  together  with  its  general 
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solution,  is  given  in  rofcieneo  9,  page.  31.  ’file  solution 
compatible  with  the  boundary  conditions  at.  infinity  can  bo 
written  ns 

/.(O-a.teo-V  (51) 

wliero 

cosli  X„~  j-pj 

and  where  the  upper  sign  is  taken  when  .'1«>0  and  the  lower 
sign  when  A„<0. 

The  arbitrary  constant  a,  is  determined  by  evaluating  the 
solutions,  equation  (51),  for  i'=0  and  introducing  the  value 
of  /„(0)  given  in  equation  (12).  The  result  is  identical  to 
am  given in  equation  (2C) 


Equations  (II)  and  (to),  the  expressions  for  stringer  loads 
and  shear  flows,  respectively,  used  before  in  the  case  of  tho 
concentrated  perturbation  load  are  still  valid.  The  substi¬ 
tution  into  these  expressions  of  the  solution  (ol)-vwth  the  con¬ 
stant  «.  as  found  above  yields  the  at  ringer  loads  and  shear 
flows  due  to  a  concentrated  perturbation  load  when  the  rings 
can  be  considered  rigid. 

For  the  ease  of  the  distributed  perturbation  load,  equations 
(•10)  reduce  in  the  limit  to 

(— el.)/,(2)4  (2Zf,4  d„)/.(l)«3/i«W/. 

/,(»4-l)-2|2/,(f)4/,(i-l)-0  (fgt  2) 

Tlie-nrbilrary  constant  «„  in  the  dilution  (SI)  is 

6Hi‘  S 

ft,“.'l,(±rM-l)  -?) 


For  the  shear  perturbation  load,  equations  (19)  reduce  to 
(-,1,)/, (2)4(2/),4.-l,)/„ 0)=  -GLQ'UW  sin  "j 
/,(H-l)-2  -("/,( i )•!•/»( i —  1  )= 9  («2s2) 

The  solution  is  again  equation  (51)  and  «„  becomes 

12/W  sin  '!*  QL 

""“~T,Tdbr‘«4-D 

CONCLUDING  REMARKS 

A  method  is  presented  for  the  stress  analysis  of  circular 
semimonocoquc  cylinders  with  cutouts.  It.  is  mosl  nceuratc 
in  problems  where  the  cutout,  is  located  far  from  external 
restraints.  Tho  loading  may  bo  any  combination  of  torsion, 
bending,  shear,  or  axial  load.  Other  loadings  nro  permissible 
if  the  stress  distribution  in  the  cylinder  without  a  eutoi. 
known, 

The  method  of  analysis  is  based  on  the  superposition  of 
certain  perturbation  stress  distributions- to  give  tho  effects 
of  the  cutout  on  the  stress  distribution  which  would  exist 
in  the  cylinder  without  a  cutout.  The  equations  for  the 
three  necessary  perturbation  stress  distributions  nro  derived 
in  this  report,  and  tables  of  coefficients  calculated  from  these 
equations  are  presented  for  a  wide  range  of  structural  prop¬ 
erties.  Ring  bending  flexibility  is  taken  into  account,  in  the 
tables.  The  tables  refer  to  a  structure  having  30  stringers, 
but  they  can  be  used  for  cylinders  having  any  number  of 
stringers  by  redistribution  of  tho  actual  stringer  area  into 
30  fictitious  ntritigers.  Sample  calculations  utilizing  the 
tables  of  coefficients  are  presented  to  illustrate  the  analytical 
procedure. 

Langley  AKito.vumc.vi,  Lmiqeatory, 

National  Advisory  Committee  tor  Aeronautics. 

Laxoi.ey  Field,  Va„  March  2,  1055, 


APPENDIX  A 


SUMMARY  OK  SIGNIFICANT  EQUATION'S 


The  formulas  and  parameters  required  for  computing  the 
stress  distribution  due  to  concentrated,  distributed,  and 
shear  perturbation  loads  arc  collected  in  this  appendix  for 
reference. 


stringer  loads 


Concentrated  peiturbation  load  (see  fig.  3  (a)): 

m  rn-l 

p  p  2 or  2  “ 

V,,~2m+m  cos^+  2  /« (i)  cos  njS  (t£0) 

wlwro  /'  is  the  applied  load. 

Distributed  perturbation  load  (see  fig.  3  (!>)) : 


O  &  2  °r  2  ' 

V<,~2m+‘-cm  jo+  2  /* (0  cos  nji  (i&l) 


where  S  is  (he  total  applied  load. 

Shear  perturbation  load  (see  fig.  3  (c)): 

m  w-I 

■j or  i  (  i  \ 

Vu=  s  ./»(>)  sin  «  5  (t&f) 

SHEAR  FLOWS 

Concentrated  perturbation  load  (see  fig.  3  (a)): 
For  the  shear  panels  in  panel  row  j—0, 

Pr+I.O 

2L 

and,  for  tho  remainder  of  the  shear  panels, 

„  _Po~P<h.j 

In— - -j- - r'li.t-i  ()£■) 
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Distributed  perturbation  load  (see  fig. 3  (1))): 

For  the  shear  panel  (0,0), 

„  S-2  p,o 

l9>  2  r, 

for  the  remainder  of  the  shear  panels  in  panel  row  j=0, 

(ifei) 

and,  for  nil  other  shear  panels, 

0‘S  1) 

Shear  perturbation  load  (see  fig.  0  (c)) : 

For  (he  panel  about,  which  the.  load  is  applied, 


1  M  ZZi 


/»«) 


+~ 


2  Q 


,  .  nd  m( 
L  sm  ^ 


for  the  remainder  of  the  shear-panels  in  row  j=0, 


M  M~t 

Tor 


<7(0- 


S  UlMtrm  (lil) 


n"‘  21  sin"* 


for  the  shear  panel  (0,1), 

'loi—q«> —  ?77} 

for  the  remainder  of  the  shear  panels  in  panel  row-j==  1, 

0  ((Sl) 

and,  for  all  other  shorn  panels. 

'/o=  -  - r<7i.;-i  0  £  -) 

EVACUATION  Of  TUB  TRIOONOMHTMC  COEFFICIENTS  /,<0  K0I1  FI.KXUII.K 
KINOS 


Basie  parameters: 


11= 

C. 


Et'  IP 

G  <  77 

(77s 

;// 


Auxiliary  parameters: 


4-rtJL* 

sm: 

At— 3-1 


no 


!■ 


7,=-2  +- 


3  7iS2 


,  no 


12CS. 


•  H 

Trigonometric  coefiieients: 

/,(»>=r.‘f«i.A1.(i)+«1.A2.(0| 


where 


lV"  !v"t rK 

Ai,(t)-eos  ix. 
~1 

-r  Jfh  IX. 
Aj,(i)-sin  i‘x. 

-i 

—sinh  i‘x. 


("  S-) 


</■>.>  1) 
(«.-I) 
(D,<1) 
<»„>1) 
(/->.= 1) 
(D,<D 


cos- >  p";J-1  “ V (- 1 )  - V"*]  (W,>I) 


v,‘l 

L“2  — V 

{  2  j"Y-J 

r^.-i ,  /; 

S+ifvil 

L~2"+Vl 

l  2  V~V"  J 

Arbitrary  constants  for  concentrated  perturbation  load: 


.0„-!-2(Y,+l) 

6i.  m 


where  /’  is  the  applied  load  and 

0„«r.*A.,(3)  +2y.f,*A„<2)  1-  (20,-  l)r,A„(l)  (««- 1,2) 

Arbitrary  constants  for  distributed  perturbation  load: 
/}.-4Y„-2, 


l’s 


3 


+«*, 


2.9 


2  S 


o  4-i’  /J.-«,-2 

“l.+l  la - ,j  - 


sh.iv-i’i.sh. 

where  S  is  the  total  applied  load  and 

fi,.=r.3A,.(3)+(2y.~l)!-,IA„(2)+203,— r.)f.A„(l)  («=  1,2) 

ra.=f»‘A..(4)+2y„i-.sA„(3)-h2#.r.JA,„(2)  +  (2y.-  l)f„A,„(l) 

(*■=1,2) 

Arbitrary  constants  for  shear  perturbation  load: 


„  II  .  n6 

20  2  sm  2  -\QL 

fti.t'j.— t'i.02. 
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„  0.— 4Y„— 11  .  II S 

1 1»  - - Sill  y 

fl|»l's»-'I'llfh* 


4  QL 

"l(w..s) 


Trigonometric  coefficients: 


'■<«— (m  •'*■)' 


where  Q  is  the  applied  load  per  unit.lnngth. 

EVALUATION  O t  TIIK  TRIGONOMETRIC  COEFFICIENTS  MO  FOR  RIGID 
RINGS 

Basic  parameter: 


«  Et'Rt 

B“372? 


Auxiliary  parameters: 


A, — 3/f6!— 1-feos  ns 

B. =i!/«s+2(l-cos  nt) 


Arbitrary  constant  for  concentrated  perturbation  load: 

r 

Arbitrary  constant  for  distributed  perturbation  load: 
6ZW  S 

Arbitrary  constant  for  shear  perturbation  load: 

12/15*  sin  — 


X,=coslr'  — 


APPENDIX  B 


BENDING  MOMENT.  AXIAL  THRUST,  AND  TRANSVERSE  SHEAR  IN  RINGS 


Expressions  will  be  developed  for  the  bending  moment, 
axial  thrust,  and  transverse  shear  in  a  circular  ring  under 
tangential  loads  such  as  those  which  arise  from  the  differ¬ 
ences  in  shear  (low  across  a  ring  in  a  circular  scmimonocoque 
cylinder. 

Two  cases  must  bo  considered:  One  ease  occurs  with  the 
concentrated  and  distributed  perturbation  loads,  where  the 
ring  loading  is  antisymmetric  about  stringer  j—0.  The 
other  caso  occurs  with  tho  shear  perturbution  load,  where 
the  ring  loading  is  symmetric  about1  panel  row  j=0. 

CONCENTRATED  AND  DISTRIBUTED  PERTURBATION  LOADS 

For  the  concentrated  and  distributed  perturbation  loads, 
tho  tangential  loading  on  ring  i  has  been  written  in  the  form 
of  a  finite  trigonometric  scries  (seo  eq.  (1C)) 


2  °r  2~  /  1  \ 

Fti-'lu-'h-u-  2  4,(  sin  n  (j+2j  S  (!!|1 


"’I 


This  ring  load  has  a  stepwise  variation  around  tho  ring,  being 
constant  between  stringers  and  having  jump-discontinuities 
nt  tho  stringers.  The  limitation  that  n§ 2  ensures  that  the 
ring  is  in  equilibrium. 

The  procedure  will  be  to  expand  each  term  of  the  scries 
(Bl)  in  an  infinite  Fourier  scries  in  tho  variable^.  For  each 
harmonic  of  tho  Fourier  scries,  that  is,  for  a  continuous 
sinusoidal  tangential  force  distribution  on  the  ring,  the 
moment,  thrust,  and  shear  in  the  ring  are  easily  found. 
(See  ref.  8,  p.  33,  for  example.)  On  tho  basis  of  inextcnsionnl 
deformation  and  the  neglect  of  transverse  shear  distortions, 
the  results  arc  as  follows:  If  the  tangential  load  on  ring  i  is 
given  by 

u„<  cos  ifa+bnl  sin  n<t>  ( n  2) 


then  the  moment,  thrust,  and  shear  in  (his  ring  are,  rcspcc-  ; 
lively,  ! 

IP  -  IP  1  • 

M,(i,  0)=-«» i  sin  ifa-rb„,  cos  n<t>  1 

<£)=—««■  «sin  n4>+b,i-J~  ncosifa  •  (B2) 

P«(t\  <#>)-=«i.r  -,“-j  cos  -  J~  sin  ifa  , 

Figure  11  shows  tho  sign  convention  used  in  writing  equa¬ 
tions  (B2). 

Consider,  now,  one  term  of  the  series  (Bl).  To  expand 
this  term  in  a  Fourier  series,  write 

4,i  sin  a  (j+0  4=2!  (o)n(  sin  r<t>  (B3) 

where  tho  (c,;„  „  are  the  Fourier  coefficients.  It  is  obvious  ,  i 

that  the  fii-st  harmonic  which  will  occur  in  the  Fourier  scries  j  > 

in  equation  (B.'i)  must  be  that  for  which  r=n.  The  other  ' 
harmonics,  then,  will  be  added  to  this  to  build  up  the  step 
shape  of  the  loading  function.  The  convention  for  meas¬ 
uring  angle  <f>  in  this  case  is  illustrated  in  figure  12  (a).  The  , 

index  j  can  be  thought,  of  ns  a  funr’on  of  <j>.  (hat  is:  when 
0<^<{,  j=0;  when  4<«4<  26,  j—l;  and  so  forth. 

In  order  to  carry  out  the  expansion,  equation  (B3)  is 
multiplied  through  bv  sin  fa  and  integrated  from  0  to  2ir 

™-i  /•(H-m  /  i\ 

2  4„,  sin  n  sin  fa <fa 

l-o  \ 

J'lt  ™ 

2  (c,)„(  sin  r<t>  sin  fa  (fa 

0  r**n 

After  integration,  the  right-lmnd  side  of  this  equation 
becomes 

(Ci)„i* 
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by  virtue  of  the  orthogonality  of  the  trigonometric  functions. 
The  left-hand  side  becomes 


2  sm|  «-i 

—Ab,,  £ 

(  .  Ml) 


'»(  S  sin  n  (i+0  S  Si n  l  (3+%)  b 


on  carrying  out  the  integration.  From  reference  7  it  can 
ho  shown  that 

£  sin  n  (j+0  S  sin  l  (j+|)  S 

W  L  m  m  J 

wiioro</*=l  if  A  is  an  integer,  and  JA=0  if  h  is  not  an  integer. 
Tims  tlie  Fourier  coefficients  are  given  by 

•  H 

m  8111  ~r  —  i±2  n 

(c,).,=7'6.<~p|  (-D  ■  Jijsr  (-»)■■  Jit  J 

The  nth  term  of  the  tangential  loading  on  tho  ring  is 
b, ,  sin  n  (i+ij)  b 

.  Is 

in  •  T  Jzli  !±i  "I sm  o 

=^6„(£  (-1)  -  «7.-r-(-1)  «  J'+n  sin l<f>  (B4) 
x  i-»  L  ~  “J  1 

By  use  of  the  -properties  of  </„  this  summation  can  ho  re¬ 
written 


/  1\  m  «  sin(m+n)5 

.  sin  ,t  5 6„ ,  (-  iy  -  -  si 


sin  (rm+n)$— 


S(— iy- 


sin(m— n)\ 


—n)4> 


sin  (rm—n)4>  (B5) 


On  e.\'i>nnsion  by  tho  sum  and  difference  formulas  of  trigo¬ 
nometry  and  -with  (he  use  of  the  fact  that  mS=2x,  it  is 
found  that 

8in(rm+?i)5«(-iysin^  1 


sin  (rm— «)|=(— l)f+l  sin—J 

When  equations  (BG)  ore  substituted  into  equation  (B5), 
the  following  relationship  results: 

'  .  .  /.  ,  i.  .  nsr ,22,  sin  (rm+it)4>  . 

b'< sm  ”  (a+2^7  6"‘ 81,1  yLS  m+n~~+ 

sin  (rm— n)0~| 
rm-n  J 

From  the  first  of  equations  (B2)  it  is  seen  that  if  the 
tangential  loading  on  the  ring  is  given  by  tho  right-hand 
side  of  equation  (B7)  then  the  bending  moment  in  that 

359282— 5C - ( 


Af.(iI*)=rt,^6,,sinf  7/, (..,*) 


n  At-  f'  -  c°8i _ 

(rm+n)*  [(m+>  ,)*—!) 

Equation  (B8)  gives  tho  bending  moment  in  a  ring  which 
carries  a  tangential  load  distributed  according  to  one  term 
of  the.  series  of  equation  (Bl).  When  the  ring  is  loaded  by 
the  sum  of  such  stepwise  terms,  ns  in  equation  (Bl),  then 
the  moment  is  given  by  a  sum  of  terms  like  (B8).  The 
bending  moment  in  ring  i  istherefore 


il7(i,*)=*  £  Jl1  —  A.i  sin  Hi (n,4>)  (BO) 

n-2  r  - 

For  completeness,  the  expressions  for  axinl  thrust  and 
transverse  shear  can  be  written  in  a  similar  manner — 


nu)-1  2 

n-2  V  1 

rn  ^  w— j 

£  11  —  b.t  sin  L\  («,$) 

n-l  *  - 

where 

rs  /..  cos  (rm+n)4> 

r  /„  ..  -f,  sin  (nn+n)4, _ 

cl  ,<?)  (rm-fn)  [(««+«)’—  1) 

SHUAR  PERTURBATION  LOAD 

In  the  ease  of  the  shear  perturbation  lond,  the  tnngcnlial 
loading  on  ring  i  is  given  by  tho  finite  trigonometric  scries 


b\>-Ju— ?i-i.i=  S  »-i  nos  njS  (BIO) 

n-2 

where 

(“i2> 

2 L  sin  j 

Kquation  (BIO)  can  be  treated  in  a  manner  analogous  to 
the  handling  of  equation  (Bl).  That  is,  cncli  term  of  the 
scries  in  equation  (BIO)  can  be  expanded  in  a  Fourier  scries. 
Then  the  moment,  thrust,  and  shear  in  the  ring  are  written 
immediately. 

Analogous  to  equation  (BG),  write 

n -i  cos  njS—  £(r,)«i  cos  r<j>  (Bll) 

r»n 

where,  now.  tho  angle  <t  is  ns  shown  in  figure.  12  (b).  Tf  both 
sides  of  equation  (Bll)  arc  multiplied  by  cos  l4>  ninl  inte¬ 
grated  from  0  to  2x,  there  results  for  the  Fourier  coefficients: 

„  ■  lb 

2  sm  g  n-i 

(ci)„i= — -o,(  £  cos  n j 5  cos  IjS 

TU  )mtj 
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It.  cun  be  shown  (sec-ref.  7)  that 

HI— I  /  \ 

S  cos  nji  cos  ( J,..+ J,+. ) 

J-»  -  V  -Z-  —/ 

so  the  nth  term  of  the  tangential  loading  on  the  ling  is 

.  IS 

m  *  /  \s,no 

0,1  COS  lljs<= —  tf„  2  (  Jt-n+Jl+n  )  — y“  COS  4  (1112) 
T  l-«  \  ~  — /  I 

This  sunimation  becomes 

I  ..  m  .  nS  .  ...  cos(rm+/iW 

y  o,i  cos  nj5=—  a,t  sin  vr  2J  ( — 1) — i-Sr — — 

'  t  2  r~„ '  r»i0n 

which  corresponds  to  equation  (B7).  Then  the  bending 
moment,  is 

/f*  ««isin  (Bill) 


Similarly,  thrust,  and  shear  are 


nu)=-  2  A’  o,,sin  “  Kt(n,<t>) 


ru  ^  m  —j 

V0^)=3  It  —  d,i  sin  Li(»,<t>) 

n-2  ^  - 


APPENDIX  C 


EVALUATION  OF  DEFINITE  INTEGRALS 


In  order  to  minimize 'the  stress  energy  it  is  necessary  to  Non,  by  virtue  of  the  limited  range  of  the  integers  «  and  /. 
investigate  the  following  dcHnito  integrals:  the  following  relations  can  be  written: 


Ih  (»,4>)  Hi  (f, <#)  it<j> 

=  (  2  Dt*  cos  (rm+/i)0  2  D»i  cos  (««+/)  4*1$  (Gl) 

Jo  r«-»  i*— 1» 


i»*+ 1 —  —  Within 

&tm- 4»,  — m— 1“*^  2^d,  fl 

Thus,  when  2Sh<^j  equation  (Cl)  yields 


J’l'//,(n,^)  /MU)  <4  Jo  ^'('UJ/MUJU-O  (,*h) 

(•> r  «  .  =  2  //„**■=  SU  (/=») 

=  2  (— l)rJO,»  sill  (rm-J-n)<A  2  (— 1>*/>,j  sin  (m+l)$d$  ’ — * 

Jo  r--«  »— »  m 


(G2)  If  the  following  equation  is  obtained: 


n  —  _ I _ _ _ 

(««+«)*  Km+n)1 — 1) 


£'//,  (f>  *)  Hi  (f-  *)  rf*- 22  (p,  J+D,  »D_, _,.„)x 


and  where  integers  ft.  and /-arc  limited  to  the.  following  ranges:  Since 

2g«£v  i 


//  n  = 


Consider  the  relation  (Cl).  The  right-hand  side  can  be 
written 


(-rm-m+j)  ^-rin-m+^  -t’J 


j  »  »  r  /’ll  3 

77  2  2®iA  cos (rm+n—sm—l)<j>d<b+ 

-r— »•— »  LJo 

JJ'coS  (m+n+am+/)^<4].  U  is  f0"ml  ti,nt  "l,en  ''='1 

=4s  S  D,.0„  («„+,.  „+1+«,„+,.  _,„_,)  2r  f'  III  (v  *)  "«  (“■  ♦)  </*=2  S  D  .V-2& 

—  r«-«  t/o  \  *■'  /  \ **  /  r-—*>  '* 2 
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To  summarize,  then, 

//i(M)f/i(/,«f>)<ty=0  {l^n) 

-&,*(1+*  )  ( l=n ) 

Consider  the  relation  (C2).  It.  is  handled  in  a  1101111101' 
analogous  to  tlm  treatment  of  (Cl).  Equation  (C2)  can  bo 
written 

//j(n,0)7/j(/,^)d^ 

0 

=  XI  23  ( —  X 

r> — <x>  !■«»  •- 

=  23  23  (— 1)’(— 

r«-»  ~ 00  y  "■■j 

For  2gn<C~i 

I /-(/i ,  <£)  //$(/ ,  0 

0 

-  S 

r/  m 


Tims  tlm  dcfmito  integral  (C2)  gives  precisely  the  same 
result,  ns  (Cl) 

Jo  //s(»,  <#>)</«#>=0  (/ ^  11) 

W=») 

The  sum 

J=l  W'"J=,S.  (m+i7)r[(7'»:r'0Y-ll! 

can  he  expressed  in  closed  form  with  the  aid  of  formulu 
(1.495,  number  2,  reference  .10.  The  result,  is 

„  =il  2+cosji5  , _ o’ _ 6]  cos  ni  cog  {—1  . 

’  1 2  (1 —cos  nJ)’^"  1  —cos  nS  4  (cos  /|5— cos  5)’’’" 

5  5  sin  & 

4  cos  116— cos  5 

However,  the  series  form  of  S„  beeausc  of  its  rapid  con¬ 
vergence,  may  be  more  convenient- than  the  closed  form  for 
use  in  computation. 
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TABLE  2.— load  distribution  due  to  a  unit  perturbation  load 

in  »  30;  C*  -  o;  m  -  36J 

(a)  Concentrate!  perturbation  load  on  ..ringer  j=0  a.  (b)  f"  f ‘ ^  i=°  (c)  Shear  perturbation  load  about  shear  panel  (0,0) 


TABLE  3.— LOAD  DISTRIBUTION*  DUE  TO  A  UNIT  PERTURBATION  LOAD 


TABLE  4.— LOAD  DISTRIBUTION  DUE  TO  A  UNIT  PERTURBATION  LOAD 
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Concentrated  perturbation 
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TABLK  7.— LOAD  DISTRIBUTION  DUE  TO  A  UNIT  PERTURBATION  LOAD 

‘  [If-ZO;  C- 2X10?;  »-% I 

(a)  Concentrated  perturbation  load  on  stringer  j«aO  at  (b)  Distributed  j>crturbation  load  on  stringer  J=0 

ring  *t#0  between  ring*  »  =  0  and  **=*1  ~  (c)  Shear  perturbation  h$d  about  shear  panel  (0,0) 


32  REPORT  12.1  W-NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


STUBS'!  ANALYSIS  OK  CIRCULAR  SEMIMONOCOQUE  CYLINDERS  WITH  CUTOUTS 


33 


34 


REPORT  1251— NATIONAL  ADVISORY 


Shear  flow,  at  station-  j  |  |  Stiear  flow,  qi,L,  at  sUtton 


,".U  AERONAUTICS 


•  ' 


•j 


CVO-NM 


STRESS  ANALYSIS  OF  CIRCULAR  8EX1IMONOCOQUB  CYLINDERS  WITH  CUTOUTS 


35 


36 


P 

< 

O 

x 

o 


kepokt  125 1— national  advlso.hy  committee  von  aeronautics 


<-6 

SeSseSaSoSsssSSSSe*  : 
f  f  f  f  l*  f  l*  f  ,  ’  *  *  ’  ‘  ‘ 

irt 

JL 

f  f  f  f  f  f  f  f  *S‘  *  "* 

7 

Issiiilsilsgiiislg 

f 1  H  1  1  II 

rt 

« 

S£g5t*=5’£  =  2Si2£ggsg5 

8SSglsSSsSSS83*j*§S 

fiim'f . * ' ' 

So£8SSoc§£8i§iSi§§ 

din  i . n  i  l' i  i 

7 

=iillB!§!l§§!iilil 

f  i"  f . i  f  ( >  i  1 1  r ' 

—  c* «  —  n  « i »  x  c*  o  ~ 

giiislilssioISiliSs 
^  '  r  in’  if  ii'  ’ 


SSS$£SSS£S5S5 

d  ’  f  f  I  l  I  f  f  f 


B©5J*-»<55 

sssggggggsggslllsgs 


lliliilllilllsllssl 

d  rri'  r  r . .  <  i  a 


IS88SSa§lS83§SS 
d  f  i  ( i  f  "  "  '  ‘  u  u  1 1 1’ 


Biliiillliiiillllii 
d  .  ... 


P 

Sr 


X. 

P 


o 


-  Q 


X 

o 

p 

p 

2 

2 

2 

s 

5 

o 

1 


w 

p 

pa 


A  •— 

=  tt 

O’- 

■c  s 
o  « 


S  V  II 


E  a 

fl 

8* 


oool^S 

d  '  1  '  ■ 

iilliilill 

'  '  (Hit  i  i 

jfSSSgl 

ooooSS 
d  '  -  ‘ 

iiliiililiiil 

i  i  i  t  «-t  l 

iiliiiii! 

d . 

_ 

mmm 

Id . 

ffffffff 

H  if  ii  ii  i 

d"'  "  '  ■  r  «'7'? f ~t 


— VS«t*CAC»0  — — 


|,!i 

1.5 

£ 

1 

| 

8 


Illllllillllillllll 


1 1 1 1 1 1 1 
S3 

f  f  f  l"  f  I*  f 


iiSsilssiiiillsIS'^S 


MIIIIM 


I  I  I  I  I  I  I  I  I  I 


■,589oo«eooooo«eooo 


£S»s§cceS«SSs8§oSS 

<*  1. 1.  ,•  j.  (•  ,•  |. 

. 

mlMmmUm 

®  ■  ’  1 1  r  t‘  r  i  i  i  i 

n 

BeocoosSSaoocSSSoo 

d  1 1 1 1 1 1 1 1 1 1 

c* 

I 

Illilliliiiiillii! 

d  1 1 M 1 1 1 1 1 1 

7 

iiiiiilliiiiiiilll 

°  1 1 1 1 1 1 1 1 1 1 1 1 

i 

S2§b559«ooooci53SS 

d  '  i  i'  if  i  i  1 1'  i"  i'  f  i  i 

c  —  o  ci-  x  r.  o — ?» w  -  o  c  i- 

g  j.  «a  M  g  «g  £}  J-  rt  «S  V5  1 •  »  ©  - 

8i8i8l53isi§i8S3SS 

«■> 

l 

d . »■  »*  1 1‘  i"  r  i  r  «■ 

iiili lillilllilil! 

d  '  '  *  ‘  ‘  ‘  l'l  1  l‘  1  1  if  l' 

n 

1 

filllliiillblliiii 

-  1 1 1 1 1 1 1 1 1 

5?!S8*;?S3iS8^E)!:5!:?g 
3©®d33d8S sSSo3S£»3 

d . i  i  i i  i  ii  i  fi 

i 

i 

:  sllsl sssS-='”-§;Ss 

;  SossboS98eo9soc5SO 

V  imiimii 

l  1 

i  i  r  J  ( i  i  1 1"  1 1  i  i 


m 

j 

’i 


(a)  Concent ra tea  perturbation  load  on  Mringerj^O  at  (10  Distributed  perturbation  load  on  stringer  j=0 

rinj;  »=s0  between  ring*  t=0  ami  *‘ —  1  (c)  Shear  perturbation  load  about  *hcar  panel  (0,0) 


38 


REPORT  1 2.>1— rX ATION'AL  ADVISORY- COMMITTEE  FOR  AERONAUTICS 


STRESS  ANALYSIS  OK  CIRCULAR  SEMIMONOCOQUE  CYLINDERS  WITH  CUTOUTS 


39 


STRESS  ANALYSIS  OP  CIRCULAR  SEMLMONOCOQUB  CYLINDERS  WITH  CUTOUTS 


41 


^  '  1 1  r  1 1 1 . 1 1 


l'"|'  I  I  '  III'  M 


t  illll'JIilllllllllll 

-  d  1 1"  i' . 1 1 1  i  i  ' 

c  SSS33aS2SS5S=)SS5535 

*  nodoosoisaSSSassiis 


«  ch  n  **  o  » i-  xs»  o  —  m  n  » »■>  c  •» 


nmmnmm 


SsSSSoSsSSSsiossSS  : 

d  I  I  I  I  I  I  I  t'  I  I  I 


i  i  I  I  1  I  I  I  1  I 


lillilliiiiiiiiiil 


i  i  i  i  l  i  i  i  i  i  i 


I  I  I  t  I  I  I  I  I  I  (  !  I 


mmmmmn 

^  1 1 1 1 1 1 1 1 1 1  i  1 1 1 


iiiiiiini 


iiiniiiiii 


T  9  fl  ’AO  ^  o  /,  I.  -8^ 

8gs8s§S§§§S§ggIgiS 

?  ’ 1 1 1 1 1  ii  1 1 1 1 1 


1 1 1 1 1  ii  1 1 1 1 1 1 1 


(a)  Concentrated 1  j>erturbat ion  load  on  stringer  j^O  at  (i>)  Distributed  perturbation  load  on  stringer  j= 

ring  i«0  between  rings  i«0  and  »=»  l 


(a)  Concentrated  perturbation  load  on  stringer /»0  at  (b)  Distributed  perturbation  load  on  stringer  /-ssO 

ring  r=0  between  rings  *=0  and  fo  1  (c)  Shear  perturbation  load  al>out  shear  ]>ancl  (0,0) 


STRESS  ANALYSIS  OK  CIRCULAR  SEM1MONOCOQUE  CYLINDERS  WITH  CUTOUTS 


7  [  IlilisSsslllsSSsll 

~  j  <f  ( i )'  i  i . . . 

»  j  iillliiiiliiisslli 
~  j  jid'H . . 

7  ilslililllllsllili 

**  d  .*,«  f-  --*»*»**»*..  .  . 


i  iiiiilliliil'Iliiil 

*  ®  ’  ii  ( i  ii  i  '  . i 


i  oel8Ss3§3SSSSS§5:= 
'  d  ii r 1 1 \ . ii 


S  »  ls8lli8SS6i=S5SSS£3  , 

3  ~  J  d  i’ t  l'  f  f . I  I*  I  I  I 


i  s  «  B5a=s|8|!SBti§s§§s§!i 
SSoscScScSSS&SsSo®  j  J  5  a  SsoosBsSSssssisgcSgo 


7  j  ^Ss88lf 

“  f  i  f . "iiiiii 

_  I  88S8RS25=3B2B8SSsg  j 
I  |  nocooocSSgSSSsSSS^  > 
'*  j  *  { .  *  l"  f  I*  I*  I*  i  f  I*  j 


7 1  llllllililllillllll 
d  1 1 1  r . 1 1 1'  1 1 1 1  r 

-  £g88S5SSSa5g305J='-£ 

>  s3SS3Se8£ccs3s!!S2s3 


p2|eS|p8S'i';=S8g| 

i  SooojhSisjssssssS 

-  * . Hi  mm  i i 


„  ?l§SS^S8SlS8l§iI§§§  -  3S!!2*S2£gsagg2=sgg 

i  k£&8§5o3§S5§3o&Sscc  i  5SSo®o8ss5ss 3sS»Ss 


[  *  I  I  I  *  I  I  I  j  j  }  j  °  I  I  t  I  I  I  I  I  I  I  I 

t  { isiiii!i!f!i!!i!iii  1 1 1  7 !  smisaiisinsmV 


1 1 1 1 1 1 1 1 1 1 1 


i  U  piiiiiiiiniiiiiii  J  ?  mmmmmm 


—  !*  <3  9  ~  r  P  8  *  %  s  a  ® * 1  **■  «®  *■ -  *  y> 
»  2i§8s£S2S8S§g§83S§3§ 

~  d  '  • x  * . i*  t*  i*  i"  i*  f  r  r 


*  o'"  ,S*"  ‘  *  "f  i  nf 


e»N»*«iei*«as-fin*rtci*» 


|  J  c.  tllllllllill 

II  © '  ^  u’  t'T  7  \  Vi  ( (77 


?  Mmmmmm 

"  |  6  'i  l  l  t 1 1* 1 1* i  i  i  i i 

I  0«SBfOJ|.!«S3p.Nn»ifli5h 


llilillllliiliilli 

d  ■  •  •  *  '  ’Him i 

’ilillllllllllin 

^  "  *  *  iiiiiTi 

illillllll'lilliilli 

5  '  f  i‘  1 1 1'  i  i  i 

liiiiiSiiiiiiiiiiir 

«SoS8ooSS3853s388ss 

a . . . mam 

Silllliilsllissilii'"  \ 

a . i  <  f  r  f  r  f  J 

siszigagasgaxggjssaa J 
flro8o£8SSSS88BSS83SS 
d  “ ‘  “"l  I  l  I  ifli 


JOOSOOOOSSOOSOOOOeO 

d 

5i<fi«^rt*i».»aOpi»iM»«!Shy 


c:~~  ”  ■  * i* u if 7  i* i‘ ii* 

lilolsilililiisisl 

d . n'M'i'n’i’i  r i‘ 

d~~~  *  *"p77  i  77  ii77 1 1* 

^  .1 « . , }  ,*  f*  j 

nmwmmmi 

a  ' '  '  i  i  1 1 1 1 1 1 1 1 1 1  | 

'it  i i  i  i  f  1 1  iff  I 


o«ni“Wv» 


l  • 


STRESS  ANALYSIS  OK  CIRCULAR  SEMI  MONO  CO  QUE  CYLINDERS  WITH  CUTOUTS 


a 

q 

v, 

c 


tt 

p 

£ 

w 

ft. 

’A 

< 

O 


D 

C 

VS 

2 

P 

» 

*2> 

I 


illiiillliilliiill 

f  i‘  i  i  t . . 

•n 

iiillsilf lliliiisi 

I 

J 

H 

« 

. 

S-sIllIilIIllI!IIII 

B 

■1 

fiii  ’ " . 

** 

a 

1 

M 

1 

nillillllSlIIllill 

f  i'  <  i ' '  ‘  ’  . . 

I 

X 

w 

N 

sillillllllliillii 

i(> . . 

_ 

iiiiiililliilillll 

f  f . "iiiii 

-> 

*  M 

§.» 


£ 
S 


p 

J& 


2* 


1 

C 

£ 

rt 

M 

3 

£ 

1 

I 

■c 

m 

eyiniiiiiiii 

d . . .  r 

i  f  i  i 

ff 

*» 

Jl 

ISissilsasssi 
d  ’ . \ 

ilii 

r  i*  »x  i* 

ft 
!*»'  [ 

5 

d  *  ‘  r 

iiliil  i 

r  r  r «'  »*  r  | 

,1 

iliSliii'iilli 

d  *  i 

£522:212  1 
IS8SSS  | 
f  f  r  r  i*  r 

l 

MliifiSiiilil 

* . 'i 

r  i*  i*  r 

If  j 

I 

oniiiiiifi 

d  ’  ’  . . .  *i 

f  i*  i'  i’ 

11  1 

i  i"  : 

1 

m | 

1 

j 

« 

2' 

Sr 


§ 

0 


T! 

i 

VI 

i 

J 

B 

7, 

s 

a 

1 

« 

V 

a 

m 

N 

1 

7 

O 

■"s 

iliiiiSiiliiiillli 

d . .  * '  i  \  i  i  \  i 


i  i  ii  1 1  i 

d . *  ■  ’i'i'i  fi’i'i' 


’liilllilllll 
d  '  '  ’  ’  ’ 

CNBI«»* 

iiiiii 
r  1 1 1*  r  f 

lliiillillll! 

d  '  l 

H 

r 

O  —  fl  w 

3883 
- 1  •' ' 

s8|=8£22SJSS3S53S88 

S388Bs8aSBBS83BBBBB 


Joooissossossoosooo 


I 

| 

3 

1 

7 

d I' I'f" l' f l' f l‘ if 

b  f  i  i  iff  f  f  f  f  '  ‘  ‘  ' '  ' 

n 

l 

^iiiissislisiillsSo 

d  f  1*  1  \  ii  i*  *  *  ‘  '  *  *  ’  *  *  i*  i 

*■ 

1 

N 

1 

i 

“  1  1  *1  1  Mill 

Vl 

7 

lillilliiiillllilll 

d  1 1  n  ■  ■  ■  i  f  i  f  f 

c 

t 

ililllilllllllil'ili 

d  1 1 1 1 1 1 1 1 1 

- 

— 

ssipisssssagatps 

ccSssSSssss3eSs3as 


ii i t  m i  i  i  t  i 


•I’f'ififf  f  f 77  ,■ , 


5S82=*S 

SB 

‘  f  i  t  f  i  i'  i  i'  i'  i  ( i 


.  ,  iillllliiiilililli 

-  I  B . 


I  I  I  I  I  I  I  I  I  I 


'  fffT  I-  i  f  f  ff"  I 


iyn§iio§§i§§i§i 

-  ' '  ’  m'lti  i r 1 1 1- 1 


c-dn.ifliSKjtao-NM.flci' 


iiliiiliiiiiliSSi! 

d  *  1 <  1 1  ii  r  i*  1 1  r 


I  I  I  I  I  I  I  I  I  I  M 


iiiililisliilisiii 

d  * i* ii* i* i* *  i  n  i' »" i 


II  I  I  I  I  !  I  f  I  I  I 


yililiillliililll! 

*  i  i  i  i  i  i  i  i  i  i  i  i 


PiiiiPliiiililli 

d  *  iii  i  i  i  m  »'  i  r  »■ 


O  -«  N  *■»  **  «*V  «S  » «  46  O'-  ©  —  C«  M  f 


45 


1  A 


i  • 


(»>  Concentrated  perturbation  load  on  stringer  at  (b)  Distributed  perturbation  load  on  stringer  J*»0 

ring  issO  l>et\veen  rings  i=aO  and  1=  1  (c)  Shear  ]>crturbation  load  about  shear  panel  (0,01 


REPORT  1251—  NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


-  I  f  r T 1  f  1'  1*  '  ' 


-  f  f f  f  I  I  f  f  f 


■i  f  f  f  f  "" ‘f  1*1  I 


n  li^SlisiscSlislisl 

a  ®  1 1  *  *  *  r  1*  r  * . 

-  iislsllsliessllsls 


~  ^  ■"  f  1'  1  1 


6  ■"f  f  f  1'  1'  1'  f 


1  i  rP-?!!1 


~  f"  *  ■ 'fi  1"  ■ 


^^So§52o^§S£SSsiH^ 

* .........  f  |. . 1*  r  ,■ 


*  '  f  f  f  f  r  f  ff  1 1' 


1  ■  1 1 1 1 1 1 1 1 


=* ~”~1  f  1  f ff f ff f a 


a  '  ■  -5f  fT  r  1 7 7 f  i  f 

iiliSiiiiSiiliiiiii 

® . r  1"  1  »*  1 1"  i «- 1 1*  i*  i* 


.iimtmi 


^  dm,w  c  1 1  f "  •  ’  i*  r  1  f  r  r  r  r  r 


*  iiiuiiiiiii 

r<£  ■  i(  1"  \  t  f77 1 


^ '  ' J  /»* » 1 1  »' n7  1'  1 


0-NM^rttfHV6P0-«n>»«®l«2 


*  '"1 1  I  f ff f f  1 1  f  I  fl'f 


0-flHT*?9l»36a»-Nn»ifl«». 


'ii 

Hi! 

1 

i  11  1 

iillliliilliiiiii 


d  (  "- ,■  ,  J  ,• 

f'jffTff  f  ( 

d . f  1  f  1"  f  f  f  f  1  f  f  1 

.  ,  ..  _ 1 

rr>atfjn»»?osiflflv,'e9w  I 

3«S3SS38S355SS58§§8  |« 
d  ........ . , . . . . . , . , 


Sooeeseseoscseeoeco 


f'fff  f f  fff  1 


fffffffffff 


^  f f f f f  1  f ff f  1 


d  ’  'f  f  fif  f  f  iff  f  1 


22SS5SS2SS?ii8SS!£2S 

5ooo5C5:s:5:c::sc; 
0  *  *  ’I’t’l'illlll!  Il  l 


sesisSiiiiiilSiiil 

=* ' '  f  f  f  f  f  f  f  f  f  f  f  f  f  f  f 


STRESS  ANALYSIS  OP  CIRCULAR  SEMIMOXOCOQUB  CYLINDERS  WITH  CUTOUTS 


iililliiiliililli 


?  iilliiiiiliiliiiii 

~  iff  "Hi  i  i  i  ‘ 


*  6  '  ii  i  f  f  '  ‘  i '  f  f  77  = 


^  '  i  n'  ‘  '  i  n'  i  i . " 


?  iSIiISlIIlIiiillil 

-  ^  1 1  "  ii  iM 

t  Issllilissllilslls- 

-  f  i  " '  ‘  i  i  i  i‘ . i  ‘ ' ' 


t  ililiillilllliiill! 


i  I  I  lllll 


t !  ’ililllliilliilllli 


(  «5  *5  ■£  5  »•-  «*«*»«■  ?*»«•*  a 

t  t  lllllSsilisllislili 


•?  liiiililiilliiilii 


i  i  i  i  i  i  i  it  i  t 


|  j  ?  ililllllllilllliill  I  !  T  iilliiiiiliiliiiii 

|  ,  ~  d .  1 1"  i' f  i‘ i  f  f  1 1‘  i  -  <• . i'  i'  i  ii u‘  ii 1 1 

l,»  )  I  — .  :  J  — - — — ~ — — ~- 

e  ~  ^  ‘  ‘  ‘ i'i  i‘i  h'ii  f  |  s  -  3'"’  ^ { |  ,• ~7i 

I.  II  i  — — —  i  —h~rr_ — — 


aesScisSssSSSSoasS 
d  ‘  '  *  ’  ’  i  i  l  i  f  1  \  i  I  I 


HIIIIHIIII 


^  "s-s  I  I  ^  I  d  •'•  ■"***  rrr^r»'  .  I  f 1  ^  ^  '  ****?» 7 1'Trifi 1  ri*ih* 

3  r  s  !  r - - - — - - - - - - 1  i  1 - - - - - - - - 

i  * § ;  *  1  * 


v  riiiiiiiiiiiiiiiiii 


miiiiiiiii 


lilllllllllh  I 


ft  t  ^  J  ^  * '  r  i  f  i*  1 1  if  if  i*  ■  ! 


~  ^it  1 1 1 1 1  it*  mi  I  it 


•;¥|  S 
M’Z  :  s 


iillislllillliliili 

liililiiliili il! 

j . "i'i'u'i  i'l  l 

sl252£®§SSlSBS8£££5 

. . H  h  l'  l’l 

illlc<ligl’iliisil!il 

°  ‘  ‘  ‘  '  i  l  i  i'  l‘  i  i  i  ii'  i' 

§S2SS5SS=2=222='!«2:: 

==o3SssS2SSSS83SSSS 

=* . r  r  r  r  1 1'  1 1 1"  r  1 1' 


sslfssggggggggggggg 

- . t  iiiii ii i  I  i  i  i 


illlllllilllliilsl 


°  1 1 1 1 1 , 1 1 1 1 

„  S'*2SS58£g2gS§SiS?!g5 

g  8Cco3?35f Ii«ffl§sg32 
i  ~  °  '  "  ’  r 1 1  r ii i i i i i 

I ■  —  - — — - - - 

§  ”  iilliiiiiliiliiiii 

»  ~  -  ’  r  1 1 1 1 1‘  1 1 1 1*  i' 

5  ~  ~ i  i ■  i'i’  i'”’  i‘  f  r777 

i  _  i  _ 


“  I  -  !  S!iSgSS2$S2;33S§5fI 

.  1.  ,  555S5tl5:s:44:?22j 


I  I  I  I  I  I  I  I  I  I  I  1 1 


j3ic550ssDo;soao9eo 


llllllllllllll 


®  »*  Ji»  — *5  «-<>*»  frtiSt-y, 


48 


REPORT  1231-rXATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


illililiiiiiliiiii 

iiii ' . Hi i i i i 


—  w  rt  *  Ok  e>  jj  N  «  » •**  «*  K* 


sgSiggsl 

ofldoSScS 


SSbbbbbb 

*  r  r  r  r  t  r  r 


lllliillillililiil 

='  . f  f  i'  i*  i'  i*  i'  f  i‘  i  i 


~"3  - 

« s  •* 

O  fl8  j  « 


n  i 

||  J; 

21©  ®  i 

—  is 


i&SI|4o§is  ,  ^  f  yy  ,*  ,• 


|6SsfeeiL!lr. ~  JT 


3  ^  * * °* 5'  ^  **  *  f  ffff  f  f  f  <  "i 
"iiiiiiiiiiiiiiiiiir 

=* . i  iiii  iiii  i 


* ■ '  *  *  f  f  r  i"  i' "■  r  rff  f 
0.  •'•ffff  fff  f  ffff 


”  •  •  ,  f  ,•  ,  7  f  f  f  f 


i  M 1 1 1 1 1 1 1 1 1 1 


lillllliilllllllll! 

^ . f  f  f  f  i  i  i  i  f  i* 


s c  m  o  « i*  *  o.  o  -  ej  J2  j  2  2 


e»8S8HSBSlt8lSH 

»  ■  *  ■  i*  1 1 1  r  i  i  <  r  i*  i'  i*  i  r 


§«  5 

ii  1 ! 

■=■£  S ! 

?  I! 

a  » 


t  iiiiiiiiiiiiiiiilil 

~  O’  •  f  (•  f  f  (•  I*  f  f 

i  i  1. 1- |.f  |.ff  f 

I  ^  ^  I  . .  -  f  f  f  f  f  f  f f  ( 

I  7  Hillllillillllllii 

|  ~  i  '  '  . . I  I  f  I  I  I  I  I  I 

I  '  3  ■”  ■"  *  ”  'ff  ii f f 7 f (7 

*  Timmmmlm 

1  j  -  '  i  i  i  ii  ii  f  f  f 


josecoooeoossooosoo 


Ilsiilgsliiiiiliii 


III  I  II  I  IIII 


§sl§I§§§i§Ii§§§§§ 

-  *  '  ’ '  1 1*  i  1 1  i  i  ( i*  i  i 

*  '(iff f  f f f  f  I  I  f 


mUmaumssi 

°  ‘  ‘  ’  ‘  i  n  f  i‘  f  i*  i'  i*  i*  i  i 


—  ^  2^ 
5  I  I  1 1  I  I  1 1  I  I  I II 

d m '  1 1"  t*  r  i*  T 1 1*  i*  i  7t*  r 


>  \ 


iiiisisssasiiiiisi  i 

f  f f f f . "ii Hi  | 


f  i  ff  f”  fff  fff  j 


§l.|liiliieslfsi 


sBSSSSfi-ssajgggjsgg 
sSSlfSSSSSSSSSliSSS 
*  fff  ff . fff  f  f  f 


I 


f  T  '  f  ffff 


'  3 f f-”  ■  'i  f  f f  f  f '  • 

TliiSiiiiiii 

*"  d  ‘  '  ’  i*  f  i  r  r » r  i*  i 


C  -  fl  M  *  O  C  !■  /-  »  C  -  f I «  »  C  I- '/j 


O  — f* AflO- fie*  — •0«I' 


I  • 


(a)  Conccntmtcd  perturbation  load  on  stringer jVaO  at  (b)  Distributed  perturbation  load  on  stringer  j— 0 


STIIESS  ANALYSIS  OK  CIRCULA11  SEM1MONOCOQUE  CYLINDERS  WITH  CUTOUTS 


49 


j  j 

o§oi:^Lel!JILl 

illiililililiilllFi  j 

f  f  f  i"  * . 1 1  f  I-  f 1  , 

^  f  l’"  '  ‘  '  '  ‘  f  i  ~<  i  f  l'  i  ^ 

2  j>  ,•  ■  ttTT' t  f  i"i' 

eilillilliilliilfr  ! 

f>‘ . ■»»>■ . i  | 

■  Nn*4CinC9e»t<H*>4«H« 


oSalliSSSSSSSlSasSS 


llili'siiiiislilesii 

« 1 1  i  t  f  t'  ‘  *  ”  *  "  f  1 1  f  i 

US*  ES£-SS5Sj=2S£=-== 
isSslIsIssSSsisSSSB 

d I  l  ii f . til  f  t  t 


ciiii  i  i t  t  t  t  t 

Ssg315=li55588=2SS£ 
asSeSSSSSssssssssss 
d  l'  f  0  "  .  '  ‘  '  .  I  I  I  t  l'  i 

|S£S§S§gS33gS==SSS8 

h==sSSSSSisssSsssss 
d . f  l‘  l‘  l‘  I  l' . i  f 

ex{tn<rntil<«AS-Nn*>VCl<Y 


liiiili 

Sis 

lliiliiiliiiiiiiii 


I  I  I  !  I  I  I  I  I  I  I 


5  *"  *"  ,•*  f  ,*^7  ! 

mmimmiim  \  S 

° . l'  f  t  l"  f  l‘  I  I  5 

'iiil!lil!illIllilS~ |  ;  f 

^  .  *  *  *  *  ’  *  ’  *  ‘  i*  i*  i*  j  j'  j1 1*  |  j  C 

-;N  ---j  |  | 

d  I.  •  I 


llliiilllliilll! 

. i(<(ii ii 


t  iiiiiiiiiliillfiii 

~  d  ’  ■  ■  1 1 1"  c  1 1- 1' 1 1 1  f 

?  HSUlf  ill!  If  still 

"  e' . iiiiii  t  till  i 

?  lilliiliiiillliill 

d  '  '  i  i  i  i  i  i  i  i  1 1  i  t 


i  I  i  i  i  i  i  i  t  i  ■  i 


I  _ _ _ _  .  .  1  l 

!  iiiiliiiiiiililllii ^  [ 

j  d  ’ "  ' ' iidiiii  i 

!  mmmmmmi  ! 


^ . . .  i  . 


iglsiilsgllsiisglii 


;esso9soesosssse9 


»  g;  ■;  t*  x  o  c  -  k  *  id  si  •/. 


°  I  I  I  I  I  I  I  1  I  I  I  I  I 

iisSiiiiiiiiiiiifi 

s . i  i  r  1 1 1*  r  »*  ii *  i 

siiliiiiiilliiiiil 


9  i  i  i  i  i  i  i  i  i  i  i 

iiiiiSliiiiiiiiiii 

-  ■ '  i  f  i » 1 1*  1 1 1 1 1 1’ 

iiiiiiiiiiiiiiiill 

d  "  f  1 1 1 1 1  f  i  i  f  1 1  | 

'mmmmm  \ 

iSlillII!il!!ll!l!  ! 

°  'ill  i'  i  i  i  iiiiii  j 

9"f { 


50 


REPORT  1 25 1— rXATIOXA I*  ADVISORY 


Shear  now,  qit,  at  station* 


FOR  AERONAUTICS 


r 

i , 

i 

t 

» 


•  * 


i 

•i 


i  • 


•; 


TABLE  20— LOAD  DISTRIBUTION  DUE  TO  A  UNIT  PERTURBATION  LOAD 


STRESS  ANALYSIS  OP  CIRCULAR  SEM1MONOCOQUE  CYLINDERS  WITH  CUT0U1S 


?  iliiiii 

*"  6  ’  i  *  i 


Si  *  ■  3&3S5 

r  i  ~  j  jiti 


^  <i"'i  1 ?  f  f "*  ■ 


7  sssSssssssJS 

'  jjifi  *  i"  1 1 


1  |s.§li|SiI 


y  iiliiiiiiii 


«Nt?f 


1  7  iililiiilliilliilli 

5  -  <*  ff  f "  "  1 1  ■  ‘  1  ’  ' 


i  t  ;  liiiiiiilliillllll! 


?3?S£5£5533S2®§5S52 

j  -  e  *  1 1%  *  “  *  ( i 


fi  |  *  <*  *" ^  »■  1 1  T'fTTT  \  rr 


7  iipilillllslllll 

"  d  ’  I*  1*  ?  I  I  II  f  1  I  !  I 


.=  i  ?  j  slssiifsilsiiiissii  i  .  7  sssssis'SlSslliiSSl 

I  .  1  “  i  d  ‘  ’  f  •  f  i  i  >  i  i  i  >  i  i  ,  '  "  i  ^  ‘  '  i'  i'  i  ii  i'  i  f  i  i  i  i 

* «  !  I  1  ;  I  I  i 

*  ,  j  <  j  11“ 


I  "% 1  I  I  7  ii^lllllisillsSSglS  .  ?  I  .  illiiiiislllsiilii 

^  ”  r  ^  "*  *  * '  :  1 1 1' ;  i'  r  r  1 1  i  ( i  {  s  |  ~  a  ■  *  i  >  m  1 1 1 1 1  n  i 

I  it 1 }  7  liiiiiiiiiiiiiiiiii !  :J  ?j isiiismssFiiHii 

o  --c  ,  S  ~  [  d  ' '  ’  f  1 1‘  f  f  f  1 1 1 1 1 1 1  i  r  ~  :  a  '  1 1  i  1 1 1  i  1 1 1 1  i  i i 

4  ill1  v ] "iitiliiSlIiliilllll !  2  T i~f siliiiilf lllSill' 

2*|  "  |  '  < '  .  i'  i  T 1 1  1 1 1 1  .  ;  (  ~  *  i  >  i  i  1 1  '  i  1 1 T 1 1 1 1 

I  !  y! mmmmmn I  j ? | iiiiiiisiigriiin 

—  -  d  •  ,  ,  »  i  *  *  f  1 1'  i  I  f  i*  |  |  '  c  imTiiiiiiii  i  mi 


t  lyiiiiliiiiiiiiiii 


t  i  it  i  i  i i i i i < 


-  §§^§§555^3^2353 

1  t  5ioS525352S5355;2S 


iiiiiiimn 


•  _  __  j  _  -  .  ___ . 

I  1  Jilmmimmim  I !  lYMmimmmf 

^  I  j  a  '  )  f  I  H  I  I  I  i  I  I  }  '  I  "  1  d  '  llltilll  I  III 

u  i  1  |  !  ",  *“* 

i  !  7  gS3sis§8llSi3lI§8l8  :  _  !  Si*5SSSS55Ss3i|S®ss 
•5  I  -  :  3 .  I*| -'Ti  i'i'i'i  I  I  |'  '  I  t  53do8Ss3  =  IlS55s2a5 

-  1  ;  I  -  . - — . — -  .  ~  1  * . i  i  T  T  i  I  I  T  i*  I  T  T 

i  '117  unmmmum  i 

£->  1  3Sj5S8S8S=88Sfi»22===  **=  'l4*  '  I*  I  I  i  i  I  I  I  I  I  I  I*  I 

|  i  7  i'£!83§35ls§§lf  538338  «*  -  *  _  .  - 

■2-  7  "  illiilii.illl  7  * 

tS!  „  '  '«^r.T-57i5;-aas"8BB!?ir  *  V  J  isssslis&sliliilis 

S'=  ;  £  v  JtiesSliliSililSSili  5  "|d  '  ill' ■  1 1  n  i  hi 

x  5  ~  I  d  *  .’  5  I  *  I  I*  I  i  i  1  I*  I  I*  I  i  --  - - 

-  i  ”  — ;  ■  t  sYsoesasssssssssss 

■3  i  -  I  SSs83s8g8giS333v;S«  t  ■  I  dSoaasoesssssosBss 

I  i  -1  h'z  if  iifTTmt?!  . . 


a  j  7  i  illlilillllililil! 


iiimiiiim 


sosooooo&csaeocoso 


I  I  I  I  I  I  I  I  I  I  I  I  l  l  I  I 


0-;»B^«1Cl-/,5  3-*iM-«'li£l. 


TABI-E  27.— I.OAO  DISTRIBUTION  DUE  TO  A  UNIT  PERTURBATION  LOAD 


$ 


STRESS  ANALYSIS  OF  CIRCULAR  SEMIMONOCOQUE  CYLINDERS  WITH  CUTOUTS 


c 


« 

£5 


P 


O 


P 

ca 


5 


*9 

s 

1_ 

5 

d 

— ~v- 

s 

7 

1 

X 

r 

7 

'  i'i'T" 


illilil 

<*  I*  I  "  ’  * 


iiiliiiii  | 

''ii‘  f  r  f  f  r  i 


7  *  ‘  ’  ff  f  f  i’ \  <  ' 


aiill!!!lll!i!lll! 


d  * 


t  i  I  I  1  II 


f  i  . 1 1  »■  (■  r  i . 


v> 

1 

3 ll' iff  '  ' f ff l' f f 

I 

_l 

3  i "  li  '  f  f  f  i  i  f  f 

c 

Islilllillillilllil 

a 

w 

1 

fl 

=*1111  1 1  it  1 1 

* 

1  i 
* 

» 

silli'riiiisslsiiii# 

==iii  1 1 1 1 1 1 

S 

lllllllllilllllllll 

°ii  f  f  f  1 1 ) 

i 

( 

s> 

I 

’  Ilf  |*  ff  "*  *  f  1  f 

j 

a  B  i  I 
o*~  '  « 

*3  ’S  i  - 

8«  t 

—  O  1  ft. 


N  •-  v  3 

i  if'  I 


=  k 

ll 

55 


fSBUSp'iStgsgstiaasas 
svsssssISssISSsassss 
- . i  f  it  i  i  i  i 


f.llil!llllliillllll 


irilllilllllllllli 


v  Illiillliill 

—  ]  s5  . 


i'  i  f  f  r  i*  ri* 


i!  j  i 

L  Z*  *  I 


t  I  §  1 1 1  i  I S I  i  1 1 1  i  1 3 1  i  I  i 


»  "i  s:  7*  r:  P  23  **  £  a  *3  ®  **  « «»  '•$  «  s* 

7  Slilclliiilliiiilis 

'**  i  ^ . if f i* i* r i' r 


T  ?2S?®5»I§333i33S3333 

:  d  . f  f  f  f  f  f  I  f 


isliiSSi 


v !  iiiiiliiiiliilillil 

■"  i  d  *  ilium 

■"  l  ^  '  ’  ’  *  ‘  '  'l  II  I  1*1  i  I 


-  d 


OQOO$9999C3S 


®  l_ 


~  j  3 ' "  "■■■"' '  1 7TT 7 1 1 T  ; 


t  iyililiiiii!lil!!ll  ! 

;  -  *  i*  i  i  f  i  i  i  • 

1  O-fir-rt  I 


• 

loiflllsslisissill 

°  llllllllllil 

7 

y  S  V  £  52  X  £  *>  *  55  58  3  *  c  «  ©  ’S3  SJ 

! 

3  iiiiiiiiiiii 

5 

I 

n 

n 

1 

8sI§ail38SSS88SsS5 

3  llllllllllil 

<> 

1 

c 

2 

« 

Jl 

llli'iiliililiilill 

=  ■■  ■  ii  if  i  ii  f  f  f  f  i 

Vi 

7 

£J«S?‘l2t^£!e*,*5Sr  2'3k*5“’fr*axtJ 

ilslsi3§ggl§ss§is5 

3  ■  ■  ■  ■  1  f  1  1  f  f  1  f  f  1  1  I  1 

e 

mmmmmm 

®  ’  *  *  * » \  f  i  f  i  f  i  f  f  i 

- 

. . . 

■  '  ■'  —  ~ 

■ft 

1 

a  lz  %££>£  2  *  «  Si  2  2  S  *•' 

5o3i3l83333333383§ 

3  iiiiiiiiiiii 

l 

7 

llllililillilliill 

3  ■  '  IIIIIIIIIIII 

« 

i 

§ls§ili§3S^S'lsiSlS 

3 . f  f  i  i  f  f  l'  l  f  l  i  l 

> 

o 

w 

SJ  *?  2  ®  M  R  2  52  S  r.  JR  2  ^  ® 'X  W 

gllssllssssssislll 

d  IIIIIIMMM 

c 

Vi 

7 

s  9  y  2  £  a  2  u  52  r.  r.  3  2  2  2  a  s  a 
3S533 3333333 833333 

6  ‘  ‘  m*  f  f  i  t  t  i »  <’  i  f  f 

o 

1 

5S33S3S33B3333331I 

^  '  IMUIMlfili 

‘ 

0-fl«Y<50l<  /,JO-!iB«<l'il. 

L_ 

_ 

_ _ 

00 


V  S,  COVMNKIMI  »*INn«C  omcti  I»I 


I 

> . 

t 

i 


i  • 


\  • 


